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The study of ;.,m\owmj is based on the wokion of “S,e\'s‘?,, where o 'sef ¢ a
[eolleckion, 0f objecks (elements), each one being fpotenbially accessible., .
In cage of biomedieal signals, ¥he 2lemets we have access o are the outcomes
|of an_expertment or an observatonal procege ( ._¢~g,,,_,,m,egsummm\-> = A collechon

lof outcomes i en “eveutr™
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evenk £ nevron nj spikes in window \x/

= Evewte com loe- combined. fo form, wew avewts (.9, o new event 18" neorons

,im awd ng Spike both in window W“) =2 This cam oo M%&vm{fec«)ﬁ forvlated,
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AULUB= BUVA

~ (awion is commubabive)

~(auB)ucC = AU(BQC) ~ (uwion is assocakive)

ANe=8BNA  (isterseckion is commudubive)
. ( AN B)ﬂ C=AN LB(] C) (interseckion is 9\:%0060/‘12\1(’/)

~ an(eve)=(ang)v(Anc)  (iwersechon js dasteibukve )
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» T ma%i Lot us vecol taak Lo Sevs A omd B ave MUTOALLY ExCLUSVE
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- A Oo\\w‘\\qﬁ_;g{-:.._..,sm&sa&_s}_w!_é_ézhbé\2.,~m , An§ of a set & of oubtomes is a

_ PemToN of & ffr AcNA=Z Yed)

.  AMUAV.. VA= S B
_* The comprement A of a subsek A of S s o subsek
__of S such Yhot: A
_______ AVA=8 awd ANA = B
________ From the d,egu.:‘mow’ i Lollows : §= A S =@ ; QS,,__—?S

Trom the se wotiens one cam, 05303!!@,—;.‘,‘:9}@;{5:_%il@xx.@x..&@k S of w>0 guteomes - the

 list of events defined on S casily exceeds n (itis actually 2") and is drven oy the.



kind.of information we would like Yo obrain from the oukcomes  However, vot all
fwe tvents are equally likely to ottur when an experiment i von (e-g am veut

\wappons more ofen Yhaw obhers ) < We need a fonchion that maes events +o

lreal nowbers =5 This s the PRoBABILITY FUNCTION:

l
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S - set of n»0 outeomes = Lek us define: »QJ=§AJ Az, o, Azﬁ} T SAMAE SPACE

with A; 2 weuk on S ovd (24,23 .., 2"

|erogagiuiTy:  Pi (U [0,.43..,_,, such that:

= P(Ai)éo V‘\'“ 432:33"”)'2‘“-
- P(8)=1

TR A =Z D P(AUAD = PA)+P(A])  for amy i)

From the defiuckion oue tom derive the -Fo\&ow.ing\ broperties:

-e(R)=41-p(A)

I ANA =8 = P(A0A)=0
- P(ACUN) = P(A) +P(AD -P(aen ;)

| Conditional Frobability and Boyes' Theorem

[The. probabilily of am erent &, P(A), can mle.whmllﬁ be affected. by a prooc:

Khow\/bd%e, alout Ythe occrrance of another &wa(&-a\) tre Lkelihood of Ww.{ng. o
o eart beak \n o dime wivdow [b, b+Ab] q\mM@Hca)ﬁ_ thanges if o beat just

_[noppened befoc® time. \.'/) = This makes sense i one relies on the Set Theory:
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Hence, we introduce the {Io\\owina definition: - N

_____CONDITIONAL PRoBABILITY B

| P(ale) 2 2
OF BVeNT A TO evenr B P

_ Note that Hee deftnition holde only if P(R)>0 => Tn Huig case, we tam weike:
P(ane) =p(Ale) P(&) | B

3k is important to emphasize thok the condational ;bm‘omhi\&i«)« is normalized
_ Hothe probabilily of eveak 8 =5 Tt i Nov the wert, polakility oL ANB

EX: Lot us consider tuo patients (P and Pa)) xach one of whom )ouw% Libher

_olese (0) ornat uith ;‘gro‘ea\odic‘rj P(Pe=0)="% v=42. T4 we know thak

ok leask one fokieutis obese (ie B =5 A0 or %208 ) whatisthe
wnddkond,krb\)wbi(&bﬁ{: vewt A= E Fi=0 owd P1§0§? ! |
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[ This defanibion is duflerewli £rom assuwing ANB =0  Morvover umder the,

pésympﬁm_.,,’rw,_i’(é),>0, avd P(B)20 one camwrive:

| ?(AJB) = VTR
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P(A)P(E) __n ?(A)

L L. the occorrence of one e\ie\nf‘ts NoT

p(e)
relared 4o the oecurrence o(Z Hne other
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_lLebus noe one fact about tue feoneric everts A awd B defined onthe set S

_e-(ena) u(en) }=;'é(s>=?<snA>+
_(ena)n(eni)=¢
| Ma\;aw.r‘"“t.ut know: ~ P(Bf! A) P(B|A) ‘P(A)
p(end)-p(s|A)P(r)

_ [Hence ¢ P(B) P(B]A)?‘(A)-l- ?(BIA)P(A)

1Le¥ us wow recal : 'P(AlB) P(Anb)/?(b) = We ean wrile:

?(;BI.A’)V#*“(@ . | | “) ‘
P(elA)P(A) + P(B\A)P(A)
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In (4) we eshimake +he tondikionak probabilily PCAL 8) by using the conditional,
_ kmbu\g;h_!j of B qiven A & ond the probaleilites (A), PCA), Thee veswlt

T is atest for
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(e A) z !orvﬁab\h’%j of hsh‘ng_ Fosikvg’g,i@3~£Le desease (o k.o, “ senglh Vt'tc}“_)

E_)\ O A= EH\A potent has dxsmsab}
disease D butitis]
: B =§ the pakent is positive o ’cs*S*:Tg_ | nordefinckive |

| P(Elz')él‘pm\mbjktq of l»eshm%_ m%m&gve_ given the abgonce of disease {a. k.a.

)

 We can wrile o R
. P(el A) PCA) & Thie vake telle

_P(AlB) = |
i P(8IA) P(A) + (1-e(BIA))(4-B(A) how relakle. Hne
Y e e o .,.__.k*e.,s_#_ ‘.;,TWS_FO#&?‘S‘, ———
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_ Now, even 1f we astume Hhak the test is good, (06, sensibvby ¥4 amde
L spesspely ) sl of POAYZ O, Huen the dest may ot ke defiwitve|
Noke tuat in (1) the knowledge of P(81A), P(BIA), and P(A) rwst ke given,
2 Some backgrouno, informakion is needed . The (4) com be generalised inte

o kwear
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. ‘A "ramdom variadle” is 4, fonckion X (-) that maksuk&r;mw\'w\ outcomes

jowlo vk vwmbees;
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_|Based on this definckion  an event on S cam be defined. in borms of vamolow.

| vanable,e.g:

A= §§e$><(§)=23=§>< X S
Bt gges x(g)«z,} §x<2§

 conventional,

notakion

A ravdow variable (RY) j¢ o funckion X: & =B that sakislies the
[

| .{lo\ owm% 4use topdckions:
B Vxeﬁ §X< %3 ls an W’J‘Wb °“'g e

_|For a random variable , we can give ,,{M,y\coﬂ@wiy%ue\mwh‘m .

I

Comulakive Distribubion  Fy: %€ (-00,00) —» p(Xsx)elo4]
_Foackowm (CPF)




_Exu LPA',,us,,,,ggnsidlezf;_,&,h\iaaf},,—;\le_wt_w/-\..<_€_:gz).ﬂ/._ nevton fires tn response to &

B s%vmwb})avxd let us cald b= P(A}J&Mﬁ. repeal the experiment two
_ Hwmes awd considec the seb & of outwomes . A RV can be:
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Flo) = P(X<0) = P(X=0)= (+-p)*
Fo (1) = P(x€1)= P (x=0)+ p(x=1)= (1-p)* + 2p(1-p)
B Ee(a)= P(X22) = p(x=0) + P(X=A)k P(X=2) = (4-p)* 49p(4-p) 4254

B A -
) ( Fe () is a mh—deméinaé Lonckion
,-——-—-§~ Lhat reaches Saturation ak Fe =1
2 {
(+-p) ! !
o 1 9 Tz
Based on e -&xomnp\& ,We tan (V\MHVG‘L‘} wnderstand +hat Fls) has Fhe

-JKOI\owin% ?m!wrﬁe s:

- Fa (—Oo)=0 5 [ (*’m)f’"gA

S vtij(i,a:i{zc,a,f-:'%#ﬂ(zt)ﬁ Fz(zfz) I

< TIp Fel%0)=0 = Fx(x) =0 ¥V z<xo

"KP{X> 94)’-’*" 1= Fo ()

= P(;M< XS‘Xz) = F,(u)—ﬂ(x{\)

;P(X=x)=lam(Fz(v_ew)_—Fx(*6)) .

Ero

 Noke the notation: Falxt) %@ Fe(xte)



_|Also, we can observe:

Fz - plece-wise constamt- = X is o disorete. RV
with :)u.mf dascont vwiﬁ

N

xq €3 a E

.
| Ta parkicalar, we have that Fu () 4 Fe(2Y) and P(X=%:)50 for
o fiwcke, wumber of points

¥y - contirwous with X TR TR RY

. o jump disonimily

1 In this case, we have Fao(x)=Fa (2*) Ya= P(X=%)=0 Vx

DEFINITION | Probaleility Density L (x)2 4k ()
Tonchion (paf) 4%

Nete that, cince Fa(-) is a non-decreasing fonckion of 2 , we have :
(%) = A e (e-t2 ) Fie (€) >0
x

Ax—>o0 A

|Algo,, in case of diserete-bype RY, we have that: f (x) = 2 p(x=2)8 [« *“)
i N |
Dirac's
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{2 () in Hois case
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1By using (2], both conbinuons—type awd  probabiltymass
disorete~bype RYVs sahisfy the conditions: | {unohon
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- (x)- j_q;iy)du —
! -00

- X1<Z<512)H=J fx(u)dv« e
1 %

T R
N ( ‘_f-_,,_ (uW)du = F, (.+°°)=f (Lle«V the avea of [, () is aAWaAf,S 1)

o

;Tu\o quanHRes qm\-\llplm% computed to charocterize o Rv:

+ 00

_—— ~ €x Peﬁ{"&d value S MDY SCA SV Y. S
(mean) M ® f:ftﬁr) N =J€£X}
-:n%ew notation
+%0 \3:
- varian. o2t [ (ep, ) f000dw = & (06 pe))
x 00 x
Neke. 4hat, in case of o diserete Ry, f(z) o 2 P(X=2)5(2-%i) =
;,,Mx=2;‘ P (X=2) %:
| - (%)
aF = 2P (X2 ) (mi-pa )t
{
o - Note Hak the definihiong %\ven above are {or RVs j_f_f_;)*-&[h o aikhe ek cal

f_g:unckxons from S to K. I one deals with data, ( ¢.9., n data samples

are obtained b} rekean% an xperiment n‘Hmcs)'\ a definckion of mean and

Nariance, can be obtained from (Xf) \o) oonsidar?n%:
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_|Examples of relevomt RVs:

,,,}.A. O — - sesnimtasern s — o
INormal (Gaussian) X~ N( o )<=='> ; ()=t
Distribukion

C(mom2

-

Inc2

__The impertance of the Normal distribution

> dexived from the dgwtw,(g,aa,émm meous)

R 1.”'2,{)(}:,& B

ra

((,X:/A)l)‘f‘OfQ_‘, N I ST STE—— |

. D0 otherwice

X oexp(2) S f(2)= gfi‘ *20
X

~ The exponential dictribution is ty pically used +o

E (X)={/;\)

- }.G@mmwr,w o
| Diskibution

. k o destrbe the Na&lﬁh&_‘\’imﬁs betw een lmlziamJM .
—_aNRatS .chrtin% over ,,wonovwlw_kking, wkeevals

W

e( (xa/“)l) FM) j-e%

X v Gamma ‘(Q("F> <bg> fxﬁ(?‘) = r[&)r, %20
0 otherwise

‘ B
uthece T'(d) éfz?‘_f‘e"‘d:c |

4r|

M d)é>0

__deponds on its abilily Yo describe quantiives



CUniborn XevU(ab) & g (x)=) T  aswsb

hee < <le< k0

A (b-a) ' B ,
S o B =2t (ko)) = (o)t
P o . x 2 i
; 12,

 These dwshibukions ave recurrent in bhe wl?rncessmra, and, m&&hn% of lmm..n%mu)\g A

Lo quaw\' shies ( beside meam amd vaxiamce ) ore u&u% c,om,{au)fagl, +o charackeciae.

4he behorior of these dishibutions:

o PEROENTILES:  The u-peccentiles (0< uéﬂ of the RY X is+the SmaMeS*__,_d_,_

 (QUANTLES)  puvmber 2y sach thak:  Fe (24 ‘—;ﬁ(xﬁ'm) U, ce.s S

A = F’x;-' (u’)

- Yo 2 “To GomelL '
P'(ww\wles Kool = o |

e Y 4 .,\

an s era—— e ——— ——— i ye—— nc— s e——— - -

u=05=> =u= o' (K) - medran N

o coeFpiaENT  CV(X)E — Tt sommarizs e varakion of the

=
/A

or:vmmon RV X velakive Yo dHee wean

o uAZARD  lef us assvme that X is a Rv that desertbes Hhe thn%

_fowcrion  ime unkil some aveat ocoure (e 9., Fime wuk] Hhe wext heat l:mi;\}

___ One woy be infecested in the probabilcy
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 [The “hozard -?unchon is cle{incd Y

| k'—\./——-—/ e

T The Nw:l-ih%_ __ Noetewt

i Hme isin het ocoorced

- thednterval wp to tHime 2 -

| (x, x+h] |

r .

l
i

| Remew\‘ou- of we cald AS 5 2< Xs'x-\-‘ni

EER DT

1wfe can o»Hub tee d/e{iumlwn of (’/ovwl,vhanal fm\oabtuly oval wote:

P(ale)= P(A0 %5 P Rlaen)ofl)
Pe) T oa-f(B)  A-Felx)

m-Hus

A (<) 2 i Ple<XSush| Xoa) | gy ¢ Elxab)-HC)
h—o 'k h—o '1 T—' (z) h

= _...f’.‘ii « It is the nstantancous pmbw\mh&j
ATl toak Hhe vk of inberesk otors ok Hime %

- Fuactions of one Kawdom anctu& .
|

Le\' us assume that X is a BV de.Cmu\ on o Seb S We tan define a funclvon &

A]«From the suppork Fo oL X on the cek of veal wwmbers ; | gz Ko ®



Nouo »f we consiolec awy ammc. ouktome, 5 inS we hawe:

Hence loy o\eémhtm of CoMIaM-'H/ {unction ™ e have : S
| | — o Ts @0)(
e, the %mchon 9 (x ¢ )) e o e RV defined on the seb & Moreover since
Y2 q (X)) is ek%“‘!?é from X, oie oaw detecnine the distribubion of Y from the
. o\aaski‘bw‘ﬁan «?Uvnc.’r{ong Foe () O«Wd 'Fz() O{: X
o T@\'LMCQ,\A}H(S HNebe Foak Lrom the mathemakical stand koww{’ Y is o RY onl rly if i
. _Xwe Lollowing conditions occur [whech is Hee cage u(u_jhg_,q_mkfhm%ﬁw‘s
- We bypically deal wiH\\: o
I J

- VJG?R i é"ﬁji {s an event , This js satisfied 1§ ¥he seb

. of values % € W such thak

- P (Y"-’ + 00) =0 - &(/;c)éj is the waion or/omd

interseckion of o covnralole nomber

of lwtervod g .

Tor 2xample, et us cougider: ——

g (X)= aX+b o
d

- %or WW)’ ?Q'R We wuet {vu:\ Lhe values 2e euch +hak OWL+L><) HWG&
Ry = P (axsbsy) e pUX Y=Y =1 £, ( i-) a0
7 a
. ?\,(‘[) P{x> _;;_): 4- ﬂe(\/ b)

*



noing on 9(-) the passage from Fe to Fy way be hontvivial. For example !

CY=Xt = If 920, 3=y =3 XeytaSVyexsryE o
. If y<o, vy} =§X2S yt=g
__[Hewnce: Fyfj )s ¢ \/) ﬁ(..’) #YZO (%)

o0 obherwise

_|Stnular congideredions can be done for dhe pdfr
Y= 2% = We cam eshmate £y (y) fom (%5 by diffecentiakion: .
| . | |
—4)- g;_?f; (4 07)+4u(7)) o

| 0  obherwite
‘ Y=2) 41 :
_lr=aXeb=  [y(y)= .“c’f(,ﬂ)w,_ a0

i
f S— B

~In gtmeral khough, we do vok need o gotreoughh Ty (+) 4o estimate fy(). The.
ollowing Hacorem held st

TTheovem: X is o €V with £,(2)>0 VYae(ab) and £ (%) =0 okhecwise
(=) s del{ecentiable, and 58 (2)30 Yaclalk)
dx

e £ 0= (a0 00) | )| gor ye Rur
| Then: £y (y). Je (8 J.) /dj(gm)/ e fOC N o
L awnd ..{, (y) =0 otherwise - I ) Vies gl)



- Ex: X foah 62) - B%QLH;J? iyagﬂw theorem , wie have:

SO )() aX+b
B — ‘cy (y) ﬁx (7 L’)-i- («s we AX{»O"&’D

_owd, since X is Gamssiaw} we hawe: Y’\/I\/(WIMX-\—'L) a,zo‘_,})

F"“‘“f}, tulo results tnak hove |arge practical velevance :

4\ Feom X to U, Assume that Xis o RY with cdf Fx(%)* The fonckion

%(z): Ee(“) 1s  such that: g(X,)’V U(D,'f)

S — SE— — T ——

) Fr“om VY Assome that U is uniform in ( 0,4). let ug aleo assome
______ - gk the fonction F}. () is assigned. The transformation -
Y= %(U) with 9 = }'—'7"(—) 15 such +hat: )
! Y=-F) (V) is a RV with §yl)ascor

e
o ————

_ Relecences:

Textbook: ch 2

ch 1-2 (reow\dn%)




