\
‘ LECTUR\; 3

Leb us recall a few kﬁ vesults from Ledkore & bhak will e used "lm

ZX

lll‘> |
:)—\ ‘

,[X1X9, Xw] rondom SQM}‘& S By
£

><>

acnemkd, L} sm\:-haa{\oe. RV X~ (/"h x) ,‘z( )= = Mx o
(hadgge X dsivide ) (R ) "'xzw,n

(X{ Xl, ,‘ Xn} Converges in_

e
| dicktbubion Yo X = " (”) -7, M Vxeﬂ

__wthere _-'Fz,.(t,)‘ and T, (-) ave cdfs
' 0

()(1 )(z, L,Xn) Converges. ta 4::} [)(1, z, ey K ) Lonverges. v dishribubvon.
.,Pro\;m\oth_lj.,:&a_A..,Qousifanﬁ C*-'lWQRVXS_VL_C‘» that: P (X= C*)‘{ -

L}

.~

()(i X x..) Coind, = Dewoled w\H\ &34—\;2 xd ue hae ¥nak

ﬂg

-

EXE -—>/4¢x

T (XX oo, Yok =5 Do it 202 X (5 ,«,g) e b Mo
l S 3=zl -——*M(m)
- ?tmuj) et us recall tME given two BYe ¥ oud Y itk Joint probakility fowhom

-f(x)) and. marginal, tad-& f(2) and :f)[)) ns‘aeek\relﬂ we tan write!

,n. !

Ijﬁ*\\' (’C _lj) ,f ( x\ Y= j) = ffl'j)) CthP@MLH—C of X e Yoy
| ) 0y

, ;A ﬁlwvem/lbia:how of the Ba)es‘ theocenn. cam be oblauned by w-hc«.u.& that :
) ? }("‘,)) {XLT (" [j) 'f) (3) {:le (j "’C)-Fx(x)

]



®

. Mv.,ﬁ.‘.ﬁ,Cj(f:}):-tJ.w {L‘&.,j)_dxziig “”fm"( gle)f (R da .

ey Tweew [ (]y)s Srix(sl2) b
J[ )C‘(!x (U) | 2/) {y(z)dx

xR

(ig X is Oomhwws)

[x|3)= fix (3lx’)£)‘[a°>‘ (i Xis desoceke)
2 P lyle) ()

]
A Lo well-siudied. %(u\omki L:ﬁ gumkons will Le considered here:
- Beraoulli BY : X~ Boeaowlli () & P (X=4)=p ; P (X=0)-t=p
| foc tis RV, we lhewe: M}...‘_,P__J__ﬂf*z’_’:? (4- }0)
T - T N A T
- TBIMMM RV w,p P(X=k)= () P {4=p) o=0 4, e
For this RV} we have: /M}‘=M‘= ; Tyl= V\.P('("k)
o DRF K
) fisson RY: X~ @A) P(X=k)=e*A glogg..
; k!
- Tor Yus RY, we ,__hw_ge_;,ﬂx_g_ A oy =A, Thes EVC&&_ —
WM_MWM_F%QWMA n—>o0 wikh Azwp

o Note bhak in all the RVS consideved above, we aﬁsamammkumrjwm -

ey are loullh ubon are wosreNDRNT




®

et us consider Yhe -Eoltowv‘ﬂa scenourio: we howt o towvlom, Sewple _.,(X“Xz.,.--,-. ,;Xw),,

_T%mm.ko\ by o \mrhnl_laj - unknown, RV X awd we would Uke to astomake. K given,
= We lonowa alouk X x.v;* (=)= a( (19 with ], belongiug fo o

 pocuhelor vedwr 0w OIS of pelfs

- We anOTk,Mw aloouk X Q’ (l e.,the, brue value of 3’)

A
- We woudd, Wike to: (.?ﬂ,lex':‘) Ap ) —» Cimation O (*#)
. \Alm X(= x. ) Xl‘-‘h)n:‘,.

s COW*VO" (-)(-)]Wu’ak)mms Yhat Lhe ,;skmm}\hn@mgsy. m:gwkm% n-topla,
K AN .(%. ,%z,,xn)°‘“w~%es*7\'k_fccavyéﬁ¥»w awew®V:

- L?&sﬁma’mr: T: (=, za_,,m\ﬁoh) — 6’

| | —T( X;,Xz,.u.ixn)’ITS.&FJm\ﬂon...o@ﬁ-‘/é and ks 0wns

The defouckion of T ( avd wence, ik distribukion. ) deptuds on bow i eshimaked.
oy using (3¢, %5, ey n ), iven, it depeud 5 on the mebhod wsed 4o fit f () on daka |
| ‘Tw, ethod, of Mawimum Likelwood, (i) duoses § such thak:

@ 3‘ 23-me . (219)

|
}
'
T
4
|

_for every q‘eswpﬂ—.,,fm,% R
X~ (n, l”) With k- wwky»owvu) t'e.)ﬁ’-‘é]qa.,iw\-\m‘.s. Lase we. hawe ;
4 (ale)s ( )9 (=9)"""  a.gag,. iyt aundy { ()% P(X=2)

—
Xl
-//'-




T Muis case, i is 205y bo show baok the valuy O sabicfies:
. g-rx [ j‘ :
— =0 <=> o™ e'
e 9% <4 ) |
£ 297 (129)7° - (a-x)0"(1-9)""=0
e v (1 a)"”‘"[w 3)-&-»),&];,0”_,A._A_____ B
B = ﬁf"‘(_{ N x-n|=0 ‘ .
o ¢>3= >x e ey

v

o ;Forwu»b\, (**) shows 1 Ta ¢ xﬁe"— is wRV In fackT, =£ awd. ‘ov the LLN, we

hove s X P 9% o e drae volue of bhe wmumwwgmm |

.
ek resulbs v 4. —’> Th 15 called, bwe MAYIMUM LIKELIMOOD ESTIMATOR, (MLE)

This exomiple ku‘%k \&%\N’cs gt_:G_wL—f!t_Ci:s:

= With the Mb wethod: | we uce (219) ag a fowekron of & v, we Lfix =
o lawnd ek e'mm.» The, waxn zokion. bv\o\o\,em (s wow less affected \alk\wf W\)vJC
- .,__,,.__m_,_._,w_gﬁ_d_,_.o\_ek&H._(Ay\e\i-HNL wnloer of &Nﬂ%‘\&&_%H’&;‘}Arﬁw)@&wA

| ' ¥ N -
ij( ?) 0= const. o o )T _Z -

- . *
- o S s ) -
\ J Lig —
%, ey X z

= [The condition m;.x _QQ‘ (xﬁﬂ is d.g,gm_aL wp Yo @/ };os\hv‘;, congtant

—=> We cam chwoge o funckion L 9’) Yo b wmaximzed, sweh Hook L(9)OC4X (xlb’)
=51 (9) isthe LIKELIHOGD FUNCTION




1T oowe e(xw\abeﬂ 9) 8% (" 6)“ %

= [The ML method, taw %%wwmﬁo o random somple i.e. we veplace L [2)
1 wibh e joink brobalility funchion £ (2, %2, , %n) md choose.
- _L(9)ex )C(?c..xz_,;.._.,_xd&)

I

| T oy cases, ik may be appropriatt to maxindze the LOG-LIKELINOOD funckion
AL ,'Qag‘(.L(‘,@’)), instead of the lokelhook fonchion. T our exmwtle:

L 9) & (4‘3) => 4(9‘)’ x€o39+(n )o)«(’,aa[‘( 8‘)

,,,um B oim Ropiy 2o Mx o0 b
| % 2% ¥ 4-9

:l&j

_ g\ et us Consider n sawmples %, 2y o, %0 from the RY X~ N ( .t z)_
_ ]1 whece, § =/',* st be asiimaded, amd @ is kigwn, = We can P L
| 29 e, %0 S the oukcome. of @_,mm\g,m.'s,mm.\a\& ( X;,Xl,,.,,._,)(n) where,

Yeew N (/A,,of?f) Vi omde Mo RS ave indepeudent = We hane,

gl (xi_&f :

8 oz
foreo—

i

_‘mwm ,c(e) ,u%(jlv”\ll‘{x (xtm> ’f f..':’f.‘_:i)f'_

= ot o It 1t condowk




_ Yhe LLN  we howe: T P

39* ot o

Hemee: 2% 0 oy -0 N R -z

I e anmt-\c we have fhak bhe MLE T = A (vawta\c wwowv) and, ecanse o§

The ML ethivnakion 12 o ome&la}iuv\ bro‘atf;vw:’

st Oe C wikth C sek of adeSmlale posramelers

Asin_any ophiowszation problew 9 caw be either o scalar or o veckon and the

ayickonce (and UM‘{L&@MSQ of the, solution depends ow the é&@;@iﬁga@}lf&fﬁ)w .

avd C . In particular, let ue nole :
) * The class of the funckon [, () detecannes whethee L(¥) is concate. or net
. | avd whethor it has oue mxa‘mm_,p,r_mmy,,}_g,t:.@k_,.mfmm, p——
W will, use WQL&;@MM and Qanssiom wixbores
= 1 £(9) is a, kuown makheusakical The solution exishe mud caw b
L function and cencave  computed, by solying: -9:{‘][~ =0
- | ) 4 ¢ 20 lo:b
- e ILAO) is concave aud womercally e caw v opply a\agm&\nmg,(lo_ﬂlam
| awolmaked, . f?_ _mogiwzaiion, (e %_New‘\‘orvsmw}
. . o quasi-Newkon's metheds secawl
R o o *M*‘ﬂqé,e\'c')f—}fhm. waethods ave
- . _inJoked by ME voattaes in MATLAB, % ekc.




| - ®
| .

* Foom . numeneal s’quwm{' the op*tha;han proklem is OPrew «{,;rrkutlahzeL s

j & WowSwsE koW, ‘mbim = We solve for 8- arg wwin. /c(s))

| eC

- .
._,,,;%ecwsa the MLE Ta vs o BV, e wush characteriae the \mkmlnh.y dishributvon,

. O\C To = The Jeatures of T as BV will juskdy ks wydL use a8 aw eshimations
becwique:

% | ML Echimators are consistewt Mm&ymp&»ﬂmj{& wormal,

_ %T.\, - consigkenk <=> Tm, — 0" (twe get of Mramam,s),uleg, A
| Xero ?( ITa-9%12 :S)'-—-PO _as w00

~[To= asywplobically :) Lty 2, N(0,1)  where ,c&w,g_jhmdqrd dov. ofTp
herenal, 7., '

{The. consisteucy of bhe MLE com be showw, by wotivng that MLE wiucmwaes the
meaw Square exor (MSE) . Tn fack, dewcked wibhe HS@(T“) E ((Tn-%)'*) )
, 'W&Qou.ou)w.?r wnlu&y holds::

) ?(1 T - éﬂQe}JM

l
Z

Hewce/ ‘HM, condhion HS€ (Tn) —» 0 shall uqu 4hat Tn-'& T4 i m‘rmshu%w
CIMLE wwnduaixes MSE b&m&.‘u\& -('o\koww% oCONS:

77777 r . o 2 I S S S S T .
. <LTYL - 9.*)2.3 ) (Tu, ‘/A“),z+ _(/An- 3*) *,_-Z(Tn A, _(/M-Q*) = BJ wHaBuw%_ the &)\}:ec\wwl,

¢‘
pededvame)y o exploiliug the Wnearity :




e (T)= g ((Ta-p) )t ( /A“ -9%) 3 (ua-g) E (Tu ) S

T o

T Vayxigace T A Covisﬁm‘r -

o Te

S—

MSE (Tu\l = E (( /A.ﬂl\\ (E- (Tn —9*)) = To mawinwize ME ic z?‘wmw bo

wmiwiuaze. the. biag (sq‘wml) pus

B Hee Variamnce of’l‘m

Ex let ws Subpose. that a teosin of weural, sl‘oihes -‘Poumd o Pricson owshrilowton. wikl

| wikuaowu ML, L‘,g, F¥= l) aud lek ag assome thak we have w mo\e&rmp\mr

QP': ‘CO Couv_\"s

(v @)= f(x)¢ P(X=n)e A"

Z'
—n ;\f‘f o
-ﬁ(*a Ao yece 965}__1I£C1¢>= £ -
Le) w [
T ;!
R »_..Aﬁir”m S S =

= -n® + /?pq.e’z\ o

Let s defme: £(9)= Aeg \/w “&e°

A
“__3) n‘HA}m& Phe, ML wethod  we awe t —9% =0 -n+ 4 g % =0

1=l

. _
og=A S st the MIE is the

51*

= saw.r\c WLE U, -)Z

T Puce, case. . we already Kuod that € (T, )= E (X)= 2 < Mse (1,)=E ((r-2)2)
! ) < T 7 % 7 T\ /

[‘e\;l:loc MLE 18 unlolaged,

Now, t_order Lo shom oot MSE (Tn) 15 \ess tham the HSE obtaued, with obhor

askimators, \et us cowsider the tshimatec:




ﬁ@,,_m(m f;L; i'e (tx, :xj%).;_' i
L

Ll

I P (S P 0 R

2
. [mo"‘-i- n- E...,.zwﬁ 1;9}2_:% R
h h t

__Poisgon.

Henee : M5€($nl>— (Sn ).) ) —uwlased,

{Now ,by.cém@khg‘hm variamees owe, Otoaing:
| ,,M_S_E__(Tp)m;__,  (see lectore 2, pogets) ) PSR -
o . . b2 e ()< vee (£2) Y30
ImegCed)= &, 20

f W w-4

Wit regaca er Yoo, 0.syw blotic wnrvwcv‘v‘j, oue. tawm gasily prove ot i dWs case:

| wmay L(9) <= 2E) . =Q
ed 39’

l \. b d o.sau»phm
l .

Lekug assome ; ue), L szgjc(x,,x; s %a l?f)— 4 Z «ep% ;,cm&)

e e

_sg_w_gmmu a (&) oir 15 _Q_(Xng};(w.l%))

39 W b= 9 :s

o lebug vemend) 9 (X (XW) ‘C*(xl&) where ! (X19)= 24x (XlS’
,é'f:,_;_*i;, \ 98’( %'F* ) fx(XIG) 39' )

" 3 (Jpﬂ‘{)‘()(w)) ‘F(XW) U (%l&] _here, 'G" (XW) 31'&(“3),
X x()ﬂ?) Ix(X|&> - d




410

=1

R Tkm a ) x € = 2 1 ! =
foce 5( Jw?hc (xm) J£ (219)d agg_fx(xlv)dzcz ,

i ; “E; (xl9) o
5( *ﬂg&[xm) jf ( l?f)d:e f H“’g)] ;xcm)u

‘2

gy e[, e [t

"FTicher Tnformodion” of the BY X

o Wetan 04*\\4 e mean ‘fa/bwe Hheorem. (MVT) 4o %7%6* \::MS' * (.. e, Yhe
S _-l;m, parameker ) aud B (i, bhe 1L eskimatcon) !

wers £@FW_ gy celakl o ath vio* @22t

a-b . g

A 98’ (@_}i {gg_(&_@:_)__gu&h. e [9 r*] (@Smea&(B )

] qr(w LJrsen

2D (4o folx. L 2 (gn ,
T = { *(’n%«(, ( X'lﬂ)m&* = (& ') - {: 10} suw{A& mean
. : = [ 9€ foxn
‘Heﬂwu. Dy LLN ._._\_E_-_,\(,,;&._-(a_)) g( ) Aog [ (;qef)} ) .




@)

_—By ar: ‘ﬁ» = (9 )--> / 0, vox ( &o%ixﬁ(l&l]l)}‘

4 £ A 40 N ) S

99-2- Ir\, ) 39,2.
Henw) k‘y,LLN. E_(_.fyv-z (9)> ==-I¢ (9)

V,,,’fAleo Sinee Ty = 9’19 & ponsictent eﬁhma,br, we have: e
| TS B * = LF(S)—-»IF(W) DN

1
facmm—
|

B] COMlew%[‘ONNd (2) we howe: N (Tn )*“ N ( 0 (9*))

) ;Fma}Uﬁ owe Coun, hole:
|
T
i

< Slatekyls
Erw

- 1V\.(Tn) §£2 (%3.&(&\9’)) T WIF(é\') + —
| o b =2 VIm) (-6%) 2N (0,1)

T T (§) (0% )

[ Tn Hais decivakion, we. hawe o = —— . Tt cow be proved, Hoak toe variomce of
ir:;/::_ e ———— S —— ” - - - - = - e = &_3')1 V
MLE s MW { / In (Tw) To gice o sease of blus, Let us consider .jﬁx(zci\(i')—~,,_w 202

V2w o
lwhece o ts known . Iun this case, we have!




@-n* 9
A(8) = Rog &7 ATE L -9 o 2 %9 g N

207 a7 o4

2 - )
((}L, i = C‘,Z 1

- s
=

— T.a‘gé = e e IF( é’ ) e

More in %;WM . the Figwer 1m€ofww~*ion com e defined for GW:} eshmeder T as:

(@) e[~ ﬁAmgjxa&\\\
v utll /
paL clansen oy

: J
L e3imatecT

Tt can be shown bhat : IT {V) £ Iu(®) Jise,, o generic xehimater T will wot
~ bear wore informakion’ bhom the random, sovple =7 MLE wmoaximizes the
fi aformation carried, !o} bhe eskimaker (C\e‘} ot reoches Lo whper EOM}

% ML Eskimatocs axe effictenk:

ET.,l vepkamg T - consictent aund as;mp%\ﬂtca% wermmed  AND '
o ;_,m“___,_ Tu (T'“)___A,,{ /ns VL-—lOQ# V Ih(g'*) ((T”’,' 9*) ‘:2' N (00 {)

In (9*)

_________v_#_lWMMEMmM_MQSM_Mmmk o{: tnfetmation
3' st;ML} :\ia&m.zdam;ﬂuﬁ&.ghoutghmmqpmﬁe’*

,_m_*_m_«m;fgom_m_lenqg\ﬂ:a&_&h&épdv\t , We 2xplott the fack thak Tl_r?% T*= E('T ") g |

Tn (™)

aud considec the fora s VIn(w) (Ta=0*) 2o (0)

T Aus case, an oeprovimation, of Hoe, Fisher lw@q_r_m@ﬁ;%N,lmﬁi&l.L&u%&L&&_m_wM____,




®

Wyie,

lg_ W “&wnkl_d (s& g_‘onAL) ywynerical decivabive - %{

we ceplace In (0)%&\«. -
A
o (O ).Tgi

1t caw be showm \—\mb as n—>00, the standord ewer of Hie MLE is:
‘

‘ \) hs(sf) - -
AN

188, O +4 se)

aud_an approsimake 95% Confidence Twteeval (s ( ¥ -2

—
Ex.: XewEBppld) €2429n
i 9’ —93&;) _V_\-L/g'oa_a/ — W_AZ’ I N S ——

| PEX  (9) = Aeq (1T T 3
atliz :
o w'ﬂ\- 70= "ZL X R } o _‘

We. kwe 2_3._} owX =0
w9 <

B X'v’B(w, f) o
«e(e) Ao (8‘”(4-&)" ’”)s a&og& + (,w) &3 (i v)

,Q_f: __‘ = -3¢ gt 9’ = _Qi_ . I




I 3 HMkEsbma}qa_gm_&me{mqu&m)(g.ian, T S

 Lebus consider the geusral Jocm of Yne Bajest Hheocem:

'(311 o Fae(2ly) 5 0y)

Y ’ TS
fyre (zlq)f\.h)dq

o I A b

|
T

Letus astome : Y=T, = = _g“mx(al,@)= fy (=18 fo (0)

[ 4, (xl@) £,(8) a5
e

Ld' as calls 7 (6)% -[o ( 9’)= prior distribukion” STt represenss our

fnowledge before Seellg,

the dato,
-c%;ﬁ,‘ (B'!?D =" L%oslm‘or drchrtloution™

Becanse Mo Wkelt hood .F«mohm L(¥) ¢ fy (%) , e taw weite.

olx)-  LEIO)

U

k
ﬂr

0o
{ L(o)7o(y)d?

T MMMMMMW%#M—M 2ol ff, L }-—-—f—-

m\wm ¥ 8 (3’\‘ %L

28*

— m,ﬁifmz.l%__,_gm,dmgkéﬂg.ﬁh&_{’a\égm%._{,mmri‘; :

"

a

KN (med) XN (p,57)



n Yhis case  we define:
-9)% %9 - )%
o . -,A N &(&)%M _(2' ) (*2-%) S
202 20;% |
-  [The MLE is obtaned. \ay i mposing . B L
______________ e
rm MIT 27V _ 0y A 2T T g A :
I B 27" or T 0T L Y
4 5
- o ‘*i';&
o %%n_p_@__mikh_.mii o2 _,mi,_.%_ /et jwe haves
) g Ut Yt - |
To= wi ke w2y = T, 1e the weighted meaw of the RVe Yy awdXa
Relorences:
T
B Texbbook : ch5 (cection 5-{‘“&@_5‘-_24) - —
B — ch3 (seckion 7.9 omd 7-3) N S
) ch.g (cechion 84,02 8% aud 9+) -
s — 47-—~<r7—~ - — — — — —







