LE CTUR\-. 4—

F— |60 far, we have comsidered the \CoJAmwa \'fb\n‘-%w

,?D !

i

“taralsle,

Rk, |
A ‘M'%i R T k 'Vf (al(})w (uMqhm
Random ‘P\’OLLEMA.)

)

e hawe aﬂgmm\mg{. Hace knu&m_ lgy using ML estimadion, i« g, J = Wrgwmx ‘6(9')

l
)
i
1
|
I
|
7 o ——— - SRR — — - — e S - - e——————— -
l
|
I
|
l

i 4(3):4.2/&0%(,%(& 1))

Lel— uS now coasider . Wwore amr‘wm&df version o{ thas problep :

7 [ [ o] e

1
f
—1
\
|

" ':)‘E Rodowmt le 7
%f’;‘f“’ — \finabk, o B o , 'l'i;‘—" 3 (zjs') P‘\‘ ) ,
Voo

: i
|

J.w +has bm\o\em we astome that the vecor of ]ammdws "]u LS o func‘rwn, of the

\fm\wy of RV X = We wust eskimake the paxamelor vector 3’*‘»«:{: UMM defines -

MM: fonction, between % and M Y,

Tt \»ro,.khm_, can oo olgo \;osed, as o wallivarable problem:

XX T

LRt B L 2eiel GlA)
» X %2 | Y0 \’a\l NEDEENSS S ."{[f =3 (”’L‘«,%ca,w,%‘p,é\) "
¥ ?CLJ —Sa.wopk. of XJ J=12,. p

L% L R A S S (m\ﬂk reqression. kw\olpm)




@

Both in rolq\&wA,,A)_*M..@)T%nm&\mnx_;%@.m@%&)-&ﬁw bt Wnrar of nonkineor

. S

o ond dekecmine Yo exiskente of one solution & moce Hhau one Solution or no soluklon

=5 To colve these problems we vwst pavide the classes of wodels [(() aud, 4()

=> We seb: 'blé M
v

FT)—(: Leb us assome: _\%EJ‘N_(}&')Q'_&)_ ik e winKaomw,
I oL~ Kinown
oy
4 202
— ,,,,____._,,h_m‘:—‘iﬁéﬁ.gﬁlﬁk}iﬁﬁm_m&w,w, B S —
2w O

S
Let us assime: ¥ = fo +

RV ch,e.; ﬂfg,(’&;!%) ‘ whaot &= [fw quT )

e FJ_LL@,,_\J'MN Xy ls &mmF_LQFQQ_A_%M&\@.@mmgW_,_,_,_w.

Note; The frmulation of {Yi wd 3;GMW definckion of ",I.mu.de' Eu?{} ok, we.

hawe ;

Yi=z Bo +_{st__=§_;;_+ &

ﬁ,\/oﬁ \'W \&V~N(0‘G7‘)

Ehne it M

As a result, Lineox regression, requires thak: (1) Y Caries unbovnded ag

B — Welnaliow. | _4_,___,\rl_:,q;-ww,;hyﬁo_{;ﬁ“?:_m__.____A-.W,.__
. - ;::}ﬁ.ym,:%m;sgm;g_&mq&,c&mg&_,_.*M o | . /" o
"reéqrress\‘ow ?rb\olelu * that s oltosmed. /’./ ° — -
whhew ! ) —
| : 0 X
- . A_,..;,.AuA_,,t,fﬁx(:)_,, it Gaugsiaw with fixed vavwanwee,
. 3%(}%&_@&&5%.%&@1#\%@&13 coaxvaloles .

e saumple w of )(am%g, () very sowble, yoof Y is extracted, it the |

same, yoionce (c e, var (&) =g Ve meuwjmreskom&ﬂmaumrmw



7 We vawk to velox ,kﬁ@mmuts,,,A_(C)—,(QEQ_,_-__;ﬁ.¢e€£¢m‘w, let us assome
1% is bovmded, (e.g, disertle varialle bekweon 0 amd wi) |
_ =§ %r ms\mnce Y’V B(m F)

|
|
|

| Yawvamot. of Yo thomges olith (202,30

- Yiis wot Gawggdam

o dherer ni 2 womber OQ tralg used 4o sshimate Yo

—t . ,E_ — | - expected, value of Covnk Yo over We ’cna)s
e g P

T Hase c_q,sds,gtmb,,,m ‘o té@u‘w(-‘j & A a( )", omd “O7 Nete g i
| €°<h>.<4,, Ve = ¢ [0 +00) ’?Jog,( P ) (oa+oo) " L«..&ao could ;‘

4 4 !“ P
oy wnbosnded. a5 @ fouckonn o am 3"‘

M,\aumy varade % %W)wnsww -l:}\&.@@upwiua cases

B

\‘208 / ?bli ) (3 PN {% | ¢ = We, taw c,ssaw;a;
| © v — T e —— A b It B bt =3
(4"" E 14+ LF""’F-%‘

|

#
.J.w,,

i

|

,M b 08 lpe pl™

ot %
1 > = *
{8 (% \9) A gplotbuxd

AR Y ;Y (j‘n ) nam“bw

=g (xl9) | brolan

ke £ (gln) & P (1e2y) = [ )41 frn)

| 1In¥mshnal§ the Fmablcw. camalse i fy (j.lm) S
, "?L" formulaked in the, compack form: Aegit () = 04 %] : S

t



Sieatlarly one. can formalake bae o Yevfy (yle) -
_eoccespondent; multiple: regression, {m\olem ,.‘,,.,,M_Ap%itl'q)__;ﬁjy,,m,,-gsjc,cpl,&,»,,,, —

Poololewms (*) mw\ C**) axe colhed, Sg%Lsho regression, " bm‘ni.em.s
Note: Ta both problems, {, () is non. Ganssiaw omd §() {s wonlineor . Howerter

—g(l) con be puk in o fom Suak is LingaR i e pacameters . Moreover, Lot
B _,_.._,.,___,__,._‘%\,mh\gmﬁ;_m_hc,gmw%_@s.i‘w% Lhe, ML webhod, :

Yt o~ ‘B(W‘,m) =1,2,3 o = ’PO% Likelowood. ,gum;hny\, e ———

. N = 2-‘ y» _a_qlc + (Wt-j )jo%'({

,,,,,,,, te %('m;m - Z%( 14-@11)‘“ ‘/L.m_ -
k@]

Q’P°+Pl %y
e By replacus = _ we. hawe: B

A= 4L (9’) & L )L(@at&&_ulzythg ( 1+ &PAF ﬂ[) +

26)= 2 | velporp. ;f i &3 (M wM)}ﬁfﬂ],,’ﬁfﬁ_ff;f'_Zf"""',_f

vl

= The io% Lkelhood, frnelion, is concave = The HLE 0-@ the parameter
veckor 8 (s obtavned 5} \wpaging. 2(9) =0 aud twe S.E of the ML eshimorion.

B com loe sbtoined Jrom. ! 4‘(3} - .




[ What art the advautages of Logistic regression vs. Linear vegression? |

1

Logishe Linear

v Blagm) Toev N,.(',’l.c ,0_’1,) |
] Jlnan‘c(m) Jsoﬂs.m M=ot o

Trhe b€ is NOT_ Ganssian (~=> caaoot»fo model. disorele /«\w»m, ems) oud bhe

lvmcmw heeds NOT Yo be congtond atross tals

The Lonchion. g(:) meeds NOT fo oo Wnear = Tt cau be pact of the vaece guaecol

| olass of wonlinear Juackions {e. g, Exponenitel .,\p‘%o.rilkm),.dt,)

|
|
y ,
|

KDe's{pi#e the nowlineaxites the lp%i'sﬁc regression. ?\'WUOM. cou. be golved \,,} usiug
- rthe ML metiod. aud the Soluhion 15 wwique (¢ e, Bhe ‘oa Lkelchood fonckion 15
B Oonccwr,)

S S

‘,

Noke ! Wadvmhqe_g reforfed alove are NoT txdusive ot faic. (B¢ ye) \p%i{; (- )) —

=5 We cau consider mumerous albernatives and Skl breserve the advantages =
- We, tan defone, e types of vearession, problemd For inchance :

v Blaon) »Mv qb(a)f?(*sn) and N (0,1)

¢ (ﬂlx) F‘n-\- A Cb(?) j Pt 'V

_l;rv\olb() - -.m

Nok Thes choice s not casual. louk ik rather veflecks o +ro)»r8 0'{ the \p%‘s\'uc.

PQ%Y‘SS& an.s

\
DF * wwber o
_C . e fj - ! AXP&+ }omhms




i <P
o

b _
~ here A1 E & ) hag
S L Y

e e asigmoidal shape = Hence, model (exa)
ol 4 & 3.... ¥

sinply veplnces o sigmoidal cdf with
LW_Q%M_MQ.% This way
help to bettor fib syperimental, dato

Bx.: (Lakent v'm‘,a,:u&) Lekus assume thak the Yalue of o %iﬂﬁg_,ﬁV Y depeuds on
Hhe, valug of awobhee (coninums ) RY W (e:9:, ¥ moy madel, taepercephion” eveud

while W caplors the intensily bhak is required o the porceplion, process ln ofder
o generate an wmk:) :

r, .
‘ 1 WG
- | Y o

| ( ;0 wge

where - given | W\«f_@*"{%i)__w

8y defiiug 22 pu-W e howe: P (¥=1)= P(Wre)e P (2< pu-e)
ad 2 ~ N (o, 4). Heue, we Cau, desevvloe, the process with the adel:

| »‘?"[ﬁ?)a'gzw[/sn&

. ‘Slfwiﬂf_gé one Com P&%a\m the. ymkakf&gﬁm;hmﬁ(&u’?t)wl@h-

o probaleility funchion. and skill presecie the same advauntages. For lnsamee,
,,,,, consider:




oS e B2 [pa FJ",____. V
BETYL PRI ) | P

J, Gln)=e
yl

A.n +iws cose. L) “’H’%‘}‘“& the ML wethod , we have:

v 2

el ) 2“’3(4“ >"'2nl +2y‘{pﬂ

o+ 8%

: :;,» 4’/(9) 2 -'Z epafﬁz "'2 3¢ {501"'5,?4)

3 —e‘“Ze“‘ + Moy + p.ZmJ‘

- el (R ]

3
Sawflb

; ».so 3
| - et
| <0&) el ™ e85 ey =0
( aﬁ\ =) \\,‘=l
| L Smet Sy -
S — & 2T BT ) Ghhion com b doumd
i g eF'a‘ 3 . N
; !

;Nol'& 'HuS In very ;mm}\e. conSlM g for, the ]vasmbu(.&j -Fuswg the ML
im@l&md sewms Looen Yhe fact thab (i) the fonction f ) is acombinakion of
sz;»mwox fonekions aud (i) the funckion §() ts,MaMW.d—M\, to gek o new
iw\wmuf thot s linear i the parnmeters . TFinodly , wote bhab i oMl these

) f(wm{a\;es the variakle Y, s Hhe .Lq;echq\. Velue of tar dakn, = We can

l aemmh&&



Ac», )T(J) BC”[J)

\meour rnzhc\mr

Moded (a) is called, Gemm)awl LJMM" Model ” (GLN) awd fynckion %(1) IS

) { ) 61

called the "link® Junckion | ac it Links the candom aud Sy stemakic componeuts

Yo @ ( WA ) ,{F‘_-}_J(.‘r;_(}mi)i%% s h( ) 2 yh%;‘ 'q )

| ! 1 ‘
oud 4 Tey A ot1)
97 ()= log(-) &> C) = expl) hy)
d a ¥
,,,,, e Yoov B(A;F?}J@fxr(,gjﬂx)ﬁ‘( - \ ”!53 ( 4ﬂ4'l{.\ WY e -
:M » y )/ J
= o (1) (2% ) ey i)
g7 () = €oait () il I KA
d d Uy /
) (u\ (5(Ag9:= tog (Y| i g (1 1;,))
! - - \ ‘} S -@ l ;\/\ R/—\-J
o - + Ty Ay) 8(“1 )
L b T A
G- "lc‘)z/ia"i | “
e M( "1%,0“") & f. (31";&— — ¢ - -

X m-;»% »rz)

Jir o f

N

On s way W’“M are z}iomd&d;b@ i&#gw Xy fwj&“ (e &

binpnual, , Bisso, Vw'mgl?.\nm&;Q@AS&LQQ;WJ_&_SEI&JQ%&m&vﬁﬁﬁt}%ﬁ&f@!ﬁfﬂﬂ&w o
__lchoice of e Link fonekion is Mot dictated by bhe chosen eypoventiaks feowsly




@

| The introduckion ol the GLMS leads to the \,CoW:win&,_qu;;&ﬁgm_igx.,&%i,xtm, —
| poe (6L, Wak fonekion)  how 4o claose Hhe size of 27

_On Hais | one coun gonsicler tMA@bgb@odjogoH@L(&) and exploib the fack

F1 over anothee sk By ‘oas&d ov the ratio:

i3 L(94) & oc, %q&qm\&;\ﬁ = &08, (L(Q‘a)) d@.og(L(az))
l—-f9z)

_In w\'&c»«\wq 1(1 9, -F»o omd 9, = C(E.o PJT we hawe:

) -Eo& L({sa) - vl devemee.

D2 -2 leg L () - vesidmol deitame I
, !A A,—Qeoa(r) Dpn-Dn =r The decition olosuk whether or pnot P"‘Q

u’;_hmw  depeuds on the value of Hhe log-Lielihood rwkio
rakie

_One. last %wmmm {com M lmemr regrestion tase:

1 In Wneonr regression , we. o _
- YN
|assome Shat bos voriance b = The mge wimation e 22 3 (yb 5.)

w2 i=t
___|remascng the same Yo ) with: __“).c_i,’ﬂf =‘§q+(s4z,,

| =y The sumy SSES g“ _.(Yi.‘:if\c)f _(som of squaxes for emr_-), accoonts {‘oer

,_ — _,Meh‘en excor.
Arw\-o%ous&j one Com ohe@we

. seTZ Z‘ (3}c y) (%:ol-a,l Sven o£ Squams) = It accounts for fhe

__wikh y-— Sadple mean L eaNre Jaxdalillyin
+the data, :

_[thak Yhe Wigher L(9 , bhe better +he fib = One com choose o sekof poramekers



88T - 88€ |
- 2 de 2= s b broportion of Yaxiakelity cn Y

) ss7 S57
I B ~ that (s altbutable o the rg&(emﬁm,
Line,
< R2 is Ha projoction of variakeiloly in Y that is explacacd by X
. The definition of R, howeser, i5 nok valid iatoe GLM case => An albernakive it
Nagelkecke R measore: .
J Q’VL
et g [ L(E)
\ L)/
B \ 2 G
_with the max valie g for: Rames = 1=(L(ge) N

*_Now baramekric egression. , -

Consider the onginal moded we staxted frow: Yo Lo (4ly,)

— ﬂ*-_ll(,-'-g_@n,z&z;ﬁ_,&p‘) S——

Z\'.v\ Has case lek us assome. that, the class of fonchons for 2C) s NoT lefined..,
P e, Khere I8 no set of paramstors P to ecivate and o gomerl foom for gt-)
_wust ke detecrined = Tk U a, " wowparamelrle vegreSsion” problewm
Option #1° We can, define. g () asthe cequence.
) ) of the varieloles s, Tor vnglamce |
, [ g (x)ids defined by (§(x) .0 §lxa))
- | - wmg()\samﬂ‘nw&m




o] L(_%!'ﬂ) J‘%.(Zz;l,,mkg_(_@))._is ota8m oother ’

_ |Owe bossible cwmoobher is obtained by assoming that ,&_@mﬁ,_&ﬁ\fim@*@?h@C??)\},‘

o o bineax_comloivation of all the wmeasocementS 4 ug .y, «cwmmah tome
I § 7 1 2¥ t-.s__.(ih(;‘{_,.,_[(lé;z_.-..s‘!ﬁh"w) y Cs Q“ . ) . -r

S| P N, S S .QACKQ)E L.h‘-‘(h‘:ﬁuuhs:ﬂj[n‘slg R
| Jo

| e

In

_Hemce, in watriccad form:

!

fﬁcwﬁftﬂﬁfw)f- Hy  y&lvaypeynl
H=§ k»‘}? LR A S ﬁ

~ [Nete Hhic: In Unear regression we hawe . =14 3&;][‘:}""")_‘..‘Dtywki,u)‘i'h{w
i

3 |
S — e ,,T S { - ,,,,i‘» VE— ,: E— E—— - S S e— N ,‘ - e ————————————— e ———— ;»,»7 PO — i S ———— |

by 9= ( XTX) X7y => Hence we hawe: 92090 o § ()] X (R) Xy
) k/\‘/\_/
C Hther
nnateix
_[Moreover, since. ¢,z .ex, ), Qre predichions , ene cam also Compute the,

[Yorcamen, of twe 2shimetens

|var Iﬁ‘_’ﬁ')if?z?.-mﬁf%)_r)i.ff-f (Ry)=H Mw.,)‘,*";?‘_,’f‘ﬂf o

 If thevartovce is
Ehe sames Vs, 2,0




 Option®2:  We can approximale. 3(70) with a ]pul&va,omw& foackion of Mmg
ocder § Y R S

S . : _G(x) = bo+h¢x+ngﬁhwtb5x,wwM(!lMM““Mmmwhm”
‘ln s case, We cam dt{lm& W = 952 wlé 22 | . we=| % | awd have
{ g $
e J L 7:;’ | %4
by
[f\.cxt) '1(22_) (x")‘] [4 Wi Wy .. W$1 r::
I A S o N
og

W, W2 s, W e called  basis fonchiens” =5 le com use the \east-squares
method 1o edimate [Bo by log I” -Frww dg.lak_[gtg% Emj "oagoove

laoowe.. S

A variakion of the obton with bagic fonckons i girew 3 §Hawgs" ! The takoryad
% ¢ [ Zmin, oy d 18 ovided, tnko J';>+.2Lsu'a-mwr\fa)~s (wo ouwlab) and formwla
(i) is used in each iwterval with difleveut Colues [l by los 1 and o

. &onhm% constratn for e Lxtvewes of adjaceut inkervals r.c . .

;L §1 vsz. \n.ir ‘ 7 __ﬁb)f_ j‘z' ¢ = 2¢ ) o

‘ otherwise

L, Lmay

Ve [ Zmin, Zmay ] v=hdy o p —

R — — [‘1 ) ——— P e —— -[ {t_ gt) S ———— o
— ~3C ) = [ bo by.. ] u—-»—-j—--é— LE&%&-{)_@,»%‘»‘M l”zs,{;..)s 4 :
E o el A S — =
x® [ (== ;L. J N




[ The ,{»'undu)nu,%(m) is_polynorual. on 2ach Segment [Et)gt.'.t] _ond. , Befined.

4
e varables v e = xS ety s wefaty weyd (2% <

s s
_RXge : ( ng‘)* T X‘PS{-I':' (.l’,gr)_*,s,.u} ,l(’ﬂ)s 2 ( l-§9 7

|one, can eshimmate the parameters bo bt by o) Bro,ye by using o mulbiple
4,,Th:wewr regrecsion wnethed undec the assomphion thak the variance, a*is the
. sewme ak 2ach sounple aud the sonuples are indepondents, S

Note: The solution with, basic fnekions (in parkiaular, splines) can be easily exbended
o the Lnk famckion of a GLM, ive.,
e LS (j,\,"zf),, A . B
g ()= WY whect WS a watrix of basis {oncicons:

a [ 4 wu vhz w PO
w= TVt s Wej = %

b

we cam, ohdider:

-

.,QHW‘QD#S' In Ehe GLN kem‘-la&c M is e, enpected, value of the RV Yo = We can
nsidex f,E (ﬂ )
_Con 8! “7. }%”b E(Yb,zt)

; , | ,,..,,“3(2,,,

S t S S S S - S ————-— —

t-“‘“s sugaests that, 1§ the valuee 2,2 o, %n 0¥e tlose Yo & Coctiin value % awd
;,g(') 's o Swmooth funckion then it is veasonable to eypect that @
. Iy 2 %Z g is ax @shmr fw E (n lX=9c) = e oo considiec o rerghlorgl
g -7‘ o
| fr;;;; - o{ % and average the Values y; %W axe_oktavned. for = in thak Wa“”“gh =

I

,\ 90D com be._rshimaled. by wsing bhe locak awerages y . Also, ln ov were general
o one: con e all y; 4o Coupuie T, bk diffecout weights art, goven o Hhe



~values y; depeudiog on the distance of %o feom, @ (e, Hhe darthec e, e

\ome(i\a& weight W) . o S

DJ
ch

Sonmel
e

S "Fonw‘m (e ie partionl owg useful, whew Wi = ( 7.0_12_ s deon, Where
k(u)is a smooth IUQG.“LQLJLQ,,T a M_)_owbs CMKE&NELTMLM}@[ .
e seusthivily do z-%: avd s called BANDWIDTH ( K(u) v N (0,4) = h plays the

role of $.0) Tn Hais case, e have:

R
alx) = ,( o)
2 k (:c-zl

W/

Re{’e'remes :

Textbook: ch. 14 o
_______ B chsa (seckion 124,12.5.1,12.5:% o page 243 ) B
| ch, '5 (SCC'E‘lPW 15.1 3 ] S‘ZLL,_E..:}.;Q"_LS»&& Tls;z:tﬁlgz?jj:s‘il)_ e ————

_ Recommended RMAAM% )
M Gallagh P & Nelder J.A. 'Gemabzui Lineow Moéz_ls ") 2nd tds,
€RC, 1990 ¢ read & (acopyison Huskyer)




