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In the }m\abevns coneidered thue far we assome thak SWMHA-S ave o‘oﬁuw Jrow.

, ‘w ' (e gy estimaion ls»mtlm) or & class of RVs (e..a., reqression. gm\aw) A

Wb 2ach, somple is the outcome of one vepekition, of the given experimenk, (eeya
brial ) =7 The uolvon of “time? is met dnvolved

B XvQ(d) = The eveur §X=Ic} weans that the counk of a. certain

evtuk over aw coServakion horion { which (g a.as.\am,ol, L)' Lhe @xpenmenfc)
(s k in a certain m[;oh‘}ww of the Ly\\;mm:wb

_|Let us vow tonsider the Case of a sek .(51,&,155,.,,., on) of Sounples that exe

tollected, SEQUENTIALLY. doriug the SAME tpperimment . Tn pactivalor lefus

leonsider Yt case uhere:

802 wervol fime of Hhoe it event (Na,' spike heartbeak | Lgktbeam, d-c.) = It

| camloe tvisioned as o, vealization of the RV S.,0=1,2,3 .

nE numleer of wenks ocoorring tn +he ekserved Eime turerral (o] = T+ can
!
_ f ennsloned. ag o realizokion of the RV Ng

[T this scemaria) for amy new time b, we will have o ne RY Ny omd in general,
|

we can eypeck thab Yhe knowledae of N s Ny Moy oy Ny wikh i< < i
iem, olow e luru\&cﬁnﬁ (u[: %o Gome, WM:“.'“\"B) of mel-
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¥ S, amd  Sp<b3< Sy we kwow
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ﬁt o > Iathis comple, ifue piok bi<sy,
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. Yaok Ng=0 Npy=f,owd Ny =3
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Ny g —* fleg) = Ny ic called a "Stochaste frocess” o
0 N

outCome of an Foackion

L paciment (ice., of time
coontof avenits -
91 ,Sz'ss'\m)

- [The probertees_of +he sequomce Ni, Nip Ny ... con oo explained by wohieoug that:

_ Tnparkodlars £(b,¢) defined for be B = Npis & contwuoustime proess
£ (%, § ) defined for be Z = Ngig a discrebetime process
f (%, g) covntaele. for amy %{\#emb =7 N is o disorete-shakt, process

_ Xw our cage, Ny is o continuwous-time dusoreie -stube brocess awd is called * Comting

| process” ‘ o o o

Note thic: From the sequence of perival himes one. con, daliue :
&
L Yt 5500 | Tweeeveak =S We can define: S8 S X - stochaghie

'A)oul‘a‘n% hmi&S ya '\ t':l 'mwss

o o - o A, VRS S—— "
X 2 8.8, } discrere. contiunous
B B LAY .= 2 Y | / - Hme . Stae . -

z 5;:@,?_. is. called * point process™
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_Note thwe: Processes E.Ne}h,_ awd, éS..xzk_.a.vg‘uluﬁv,d&wb.m{gmsy%hiwﬂs of :
the same observalton. In fact we have bhat the some wenk cau,
be ﬂmuw%swmtm of Neor 8¢ eg.i

o ENgRJE =385k awd

- ,_Et»,:&Ne<.J3= St 85t
I\

O‘F Nb o( Sk

_ Howover, looth $N, 2 and 5 8k} intolves a continuous tme horczon (either ag domain
_|or codomain ),%,TM_S, is ot praclcak for sake of model {itting awd eskmation = A
disorebe-hime. forenulodion can be obtained ag follows:

o = We diside the bime horison (0,t] inko
~_cmall ¥ime bins , all of equal size

A &
ST S _Ab=S by, = consh. ¥

AN g = We cheose Ab such that at most one
aerivel, time Sk falls in o bin

N € S N
= We defove the RVs: Yo gg '
Nét i={

. |Note thab Yo denctes the, inorement in commb from bime ty, bo bime &; e,
%Y.; = BNey, 13, and < given the defiwibion of Ab~ it can be Y0=0 oc Ye=i =
;Yg v BWMW(PL) = Becanse Yo c=12,3,... are defoned ouk of a shochaskic

%{:mmss./ pemay chauge with ¢ owd bedejendeut en provious variables Yo, Yooy,
%J.{-c. = 3 YKEK LS o Sequente of INHoMoGENEoYs RV

.



T ovder o develop aw appropciait moded for b, leb s consider cates of
nerementod c.ow\?kxf \rf}:

% Homogearous fhisson Processes

3 Skfﬁ - #Lgm%ga@gsfnm g | 4 (h% +T] X A,\/L’b,e#rj ’V@(j\ﬂ') with X

Process ( HPP)

%) M&i%nm\_m_@m’@mt

- | . Vi<t < Es-{ 54) we howe

AN{{’;M.-'J ) Ahlfe;ﬁa..‘m_iné&jbendﬂnf RVs

 Pack a) of the definikon cam loe intecpreted by observi ng:

}DMJ‘& ( bi{wffj fwko m» O iutervals,
__each one of size &Y
- , Define Vi ~ Bernoulli (Pc) the inerement

N——TY"T
4
% [
§

_inthe interval of longth &6 (Vi bil, =48 m
-Define. ¢ o= 2T A8k /
| m 7
T -k o K *
P (AN, o .-:;c\ / '“'\ (24%) “(1-2a) oA (1) .
: Ab-»o el
. | . (t.e., m-2%) ’
This means Yook, wibhs HPP, we assume that the it increments are i?wl"l’w"‘m“ -
_aith bhne some prolalility  aud, awith Yo prokalllily @%ng{_ﬁ
previous Mshm

Moreover, condition a) iwplies bhat Fhe longer the window T, tive \M@ef the «MM:«M
_value of the increment awe thak the increment, is indepondest of T =
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Wlitbr ANy and ANg o e the sume dishbukion = HEP is

TIMG- INVARIANT aud Cnerements ANy o xp are STATIONARY
{ )

%
|

ift?clfwmgm,rmw&;?_n.,,'v)_ implies that the inprements are WPEPSNDENT rudom farfakles

l :
Finally  one can observe :

1

_.lP(XOﬁ) ?(AN(SH - —0) = M | (o) =1- ¢ Mo XevErp(X)
wd-w event

|- ——arnval —— ——— ) ma—
Wau.hnahm L-w:e of g ‘MH‘“&M / (*)
GO HPPs are memorylesy

iﬂbw\fvw«amwus foisson Processes

léSgg Inbwmoamu Foizson gf) v (t, l=+T] AN( QC») witkly s

: Process (I?P) - -) s }t;(r,)d/v i k(t) known funchion,
f S Yii<ba<ba<bt, we have!

’ AN&’M]’AM mmdt»pmolzwh RVs
1

[Becamse of ), 1975 kpep he inoreraents independect and Condotion (%) sKW holds
e | ?P;,mmymgws)ﬁ._%www, stace. M) way be dxlfereut ovec tuwo doghinck
_feime inqXS.o(l,eqwl_sl‘-x& .(6-31, (421,, LitT] owmd ,(bz,#zﬂ] wikh bi#ﬁz) becanse of
;w)] we have that the increments are NoT stattenary any were,

Note : for Mk =dE (tnfincresimal ) we have :

wep: ? (evewt in (bt+dE]) = Ldb 19 ¢ P (ovent in (b5+db] )2 A(R)d



2 AE) isan infensity foncion, thal devecmines the probaleloly of the Bernoudht
_ process_associabed with the interval (b, b+dt] =» The probabilély is now time, -varying,

_ The iwtrgduetion of o, funchon Alt) thab verves with t ladse to mumerous weelh
propecties. Tu pacttudar, note:

8 fatval fime of = We com weike for the conditional pdf of St /o
i—+h event

| e e = ——
‘ PLSL> t ! Sia= 5) =P ( AN( 543 :0> - {Xb (“IA&):&C)%
N s

Wi t>s

- § =
‘Fa fbj SI:-!=S> =q- P (Si>bl gf—|=5> = 4- elP/‘ (')\,(t)dt\ =y

S

From (%%) we can derive the \ow»’r pd{ of the 2ulice _Sequentl 541,82, ...

ste SA,._Q.\LQC_._,,,,M_;

e @&QA, swreeval, (0T7:

-!:(S«Sz) f (SzlS. s')ffsf(sl

¥ £§h§&l§s)§_}5}%! Si=s\, $2=%&) f(24,5,) -_-1(_% (5ol Si=si, stz) -Csz(§3:,l§5&),§;,£%)-

_ Betanse thece processes are memory\ess | we have:

iv 4 ‘f:ss ENE: 5 =5, Sz::z«) 453 (53\ s_l; 51)
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: ‘ W . S us}: I EE = = ‘, .S_‘ i
U (s22) = Aley) exp- uv)a\-x(.) - | k)
| gy exp( L 1:/ s exp( J,, 1)2T

N

, f (£4,85,54) = A(sa) exp <~ ,L Mr.)dv) - 2 (s1)en b (—Ll(v) alo) - a(s) £¥P(—J;l(’€)dt>

:_-,fr} (s )_;xb (-f S;«(ﬁd,tj

i
%Ano.loaws\ﬁ ,we_com wrike for any w0 and ,_’ci‘_ma_‘[: it —cie—aciege
i

| S o | .
$eu8, 80T ) s TTA(s0) e»,sh(fj Mﬂd) N T
| ‘ t=I &

|

where in (¥%%) we doke ink accoont that T>Sn omd we wee ,?( AN(SNTJ?O> =

; -
%——'&%F (‘f X(-c)o\v) —
| &

|
F orowla (%% %) cam. also be. inker prefed. as e asymptobic. probalsility of o binary
;b\m seces. In fack, we com proceed oS for HePs amd elivide, the tnkerval (o]
inko My 0 inkervel g, gach one of ize, &b and defme, the \nerement i he dnkerval

of length At (%, 5] as Yo Becnouli(pc) with il LE)ay §; 8 bt
, ) 2

i " » — . e ~ ks -
,lF(YF}j.)Yg_=3z)..,.)r‘m=ym\),=Tr b (,4', i) " = 1l by l,\;_,(‘{-,—lnk)_,, ,
{ L= \'65 keg

R iy B

W e 1= ‘
or (A-pi) if y=0 wack g = |

g 2 complewment of S o
the wm intvevats



 Provided that n evewts ocwr o Hae akercal (0, T1 ,we have: - -
A Tl =t TTA®E) et —s TT ACs)
¢

Atw Jes 26" jed y—

Ab—=0

T ( 1= Mm AQ_MW(HW &%f 1- 1(@) At))_; txp{ —;L(tklzxk) \?Jg:

Joc swall
“Values At

_ Becaute of the Taylor sewes axpansion:
Lg(1+k)=t+ 0k

o
Therefore. e can mkar}.w‘& 1-(51 Sp 0 SmT) Auin Tf /A.(MA{:\ /4 21(5: \Al:\ v
Ab»o A" jei Y

= We con freak_an 1PP_approximately as a sewes of Becnoulhs briads

e - = — e T e

% Non~ Poisson Toink frocestes
tokoggriely  lndependlency
\IfP gmmwryms \f NP-PP

*Hme—vm\')in,% Fro\aai\n'(ﬂb
ekory - dpendent

e e === ————————————

. OM; woy. do proceed. toidard NP-PP is vie, iwter- WQMA’ umﬁqa% Hmes. Nole -ku{: with

o WPP e showed thak t Xiv Exp(A) Vi = ¥b,5 k>0 with 45 we haner

P (Xesbth | Ynt) o MW _o-h

- - Lo m+ roloaloils
o HPP§ ' P ‘3 \J‘

W\,ewwry 7X33

i—..e) P(&*t@“‘“’) ?(XL>S+h’x6>$)

2 (X gkl 7\0*5) - ——;-’ e 7 e, Ki is memoyless

We cam define g NP-PP by twposing. thak : P(&>£+UX« >‘5> ¥ P()& = 5*"‘ XRS)
Y445 = Intus case, we hawe: .

' S Lime




P (‘AN(S,'>+h] —‘-O) = ?,(X£> 5*"\‘5“‘1 l X S.T‘Si-!)

. P(AN (o k4] = 0 “AN(S,S-H;]:O) =P (X& >S+hogo '_.X*;_Z.E:,si-b,w.

=O} = The independency dees
‘_Ali&%ro} — Nor hold amymere.

_However , varvakles X1, Xg, . )Xg,a.be.skumd/a endenky,

er
__bEEnuTION: % Sk b = Renewal. Process €2 éxuz,, Y L e

Note that HFPs have XL’VBF}J 3) Ve =2 HPP IS a partiodox Renewol Process

- [The exanmple giuen above, iustead.ic o NP8 (ot a HPp ) but it is o Renewsad
| Pocess vovereless

Exe Ko T Gons. = F8ik, -is o Renewod Brovess quanr-re

_ Enturestiugly the, OV tan be used as o measore, of regularity of o Renewal Focess:

Clpee= XevEp(A) Mo lv=4 o Depeading on how close
‘NP—?? X‘ I T .5 Vt—'—=> CV%’l ) 4’04 +the GVCS)OWQ town

_ WNP-PP = K¢ axe viv.d, but non-Brp Vo= CV£4 e

Mortover: CV< 4 =) The frecess ¢ mere. requlon Khaw o HPP ( g oswumﬁ.. wewron )

_Cvad =% The pocess e lags vegulor bham o Hee (g, ,\am\x\g. nearun)

!

_ Tnberestingly bne vesults shown for e probakilify of o, blaary ayeuk tw Wpes txlend

XV Gawma, = § 8kt i o Renewal Frowss oamd NP-PP



o Renewal Processec:

ol Process / -

| Fomal 5 243, - Renen

X £ () W wherss ) , ) _
o = A
_‘%.an).f#:ws{' owmdl. ( ) .

Ly () — condinuous fonckion

_ Based on Hus P we coam tondmde:

.:h': delm@m{ﬁﬁma} [ ? (/wmw (/(:)l;+dE—j> (/‘1"‘(4, m\;]ﬂ)g Xdt
Al 4//» s -large S |
I | o as we had before Jor HPPc and |PPe = We
o treak, o, NP-PP ag o HPP brovided that we -
wait \,ow% enough = Thas has auxtoculac veletounce
whew wleple, venewal brocesses awe coudeined.

Anothee (neore general ) way Yo broceed foward, NP-PP is via cowditonal, GM@

S qumbh‘onS. Let ue conSider Wlﬁgg_ﬂ-d&fwﬁﬁmﬁgfgﬁi:

b+T

Y (e kT, AN, o N@(l*) with pm= f Alv)dy
; Sl

fT=db (caliastesimal ) , theuw: P (eveu\,\' T (b t tdtl)“w &(k‘) ak

ST 4Le+us_@o_oq,assqmg_ﬂm&3¢(tl-w a. function of both time amd previons

ol bimesgoe, lbus angiders o
%(Jff,'sl $I,52=Sz sy Sy =Sn N({:) ) Inhwsub?w»ckon(cw)

e~ T PR, RS



.k prackicol oy Yo defone the CIF sWns_,me .ﬁh&_mlgaé;wﬂh“J,E‘Esi__w .

IR l(ﬁ) )u P(ANCB,HN@] ‘D = NP-PP: X(‘:‘)—L) ?(A"I(e,mb]ﬂh{Q h‘

I Abo At A{:—)o

AL,
[AR %)

—— — )'(4::" (5!.,53:;;9..&,3!;, Vv) o (A) B

Mol bhaak defeuihion (8) vequives Lok no more than owe cuedk cow otear tn (b badb] %‘

Hor Ab swall snovgh = Ma*bwmakwﬁkwsmms%wt 36k8, is ompERLY.
Note Hus:
{

7 S e

[P Xee(bpeab) he>b, Si=sq,8ax8a, . st-.=s~,N(b)—c f) (AN >olm) |

(ee+at)

. 9-? Ao .Ei{')_ = A P(AN&%*'“D)OIH&} P(AH(")*?"@‘”H") 9“({‘4"7{{:) |

A0 At Ao AL t Ak,-m At

i _ Becanseof
ok‘dMB Couda:h‘on

i
‘Mmmp P(xle(b em) (x\, st ){h) Fe (b [He) - Fr (b [ He)

| - D Gy
|

_Jwibth T (s l)‘Le) Conditionad CDY 0-f e tntee- eyent wmaﬁm ev = We com

| x(e[%) “Z““ R S
) A{: 4 . :FAC (% m‘c)

Lotk #,t( lm) - condikinal, PoE o X and, \oy amalogy with Yae. 1P case,
we howe:

Sls1900)= A1) (ot ) s fmmm)

Siq)




~ Mgo, by Lollowing the sowme sheps Takew in (ﬁ*) Joc the [PPcase, we cam welte:

.'_f_ff_ffj,,ffff;j{}”’(’;;gg, )= Tl m( (Tatelte) JM> o)

-}bnct-mv.

o

_ Noe $hat, wecause of +he use of Conditional probalilibies i we consider the unit
taccement RV : Yo SAN, o wibh AbE boob, W0 ,-we ceun_shll write

o— A o e -
Yo Bernoullt () with bt | xmmm ~louk, becanse. of He (hishoy) i
i m

,ﬁmexal we ave: P (Ye=4| Yo =4)F bo=> The binary evesks are wo wert,
| CWM

Movemer, yole, Yis: ‘
“H.v. = (84, 52,00, 80 ) 15 itself & reakization of the fonstt "!QEQS.S_.EA,SK.}:HNQM_W._,....,,
dhe BY N (6) = Mlt|oe) wiW assome differeut Volues ak bime ¥, defouitug, su
the value Ht = We caun define o MARGINAL iwhengity fonckon :
A () = £ (Al]H)

\dg e use : 2;(,{:](91(;)& for intra-brial tnstantancons eesk probalailily

% (%) — Lor across-brial, avom%ut %gmuvmymg, Aok {»ro\aa)muij .

X ML Estimakion ol IPPs awd NP-PP
The i voral vesuld for |PPs is that: R S S

P (Yi=a, Y gy, = Yon) = f_( S, S,0my 50, T)
\.—-—\/‘_/

———
d&émehmgn.q;J:JaLA_chzsi,ﬁ_WA.,,.-.ﬁ.m,._._"..4_T]ni|ah-.}iblwlq0u~bu - —




Thevefore brovw\ﬁol/ Lhat Ak (s swmald  we com approximate

AUIEE “»3& +Z : 3oy ( x(e,)wc)+ I

3'[”M

oo the s m

e e 2 (1= T,) «?n%({ 1((;4)&'5 }

d:

e

land we tam fif the sequence 9£'ai!s@‘r}_Y@M&S_.M.,(y.{,j}h&u}%)_lo,y,_j_v_\{\‘zzdl,&om%‘_@_ -

class of funchions foc & and using ML cckimation - Tn packwler, we cou observe.! _

I O gwmm(l(é\c‘)é§>w,__’> _Given, the clogs of _,nghio_ns_%(:ﬁ) JWe cam

 Ald=glele)  adimaie Hhe pocamches O byucug the Ml mbhad
Ko, i moy be pessible s R ()= g (€(0|F)  withx being bue realieakion
) of the cx?lam‘rm) v X

S — (egyq(a0)xme)
For huﬁaocampo)g Place celle we comweiber L

%(‘l'/)= LXk}d\- —~.[x(g)-/k; 7({_.)/,“’}2‘ [2(&) /‘%} % S . F
- I -py

|
i

where: ) is Yue, vealizadion at kime of RV. X (position ahma Yoo z-o,,ms)
(&) isbhe vealizabion ok Wime b of RV (position aloue tae yoaviy)

'y 0 Ty
P ( 2 "7>_.fco,v,;m\mce._ L < I

Oy 01/9-

|
1
i

ey ool

gle19) = 3( ”’%YS]\ )

,1 In o, sintlar ooay  we tanshow for o NP-?F thab:



u_JmA)At\ / -l mme " s f (st )

&; d=1

- Thectfore, we e_%&\p}»mx:mqh the Aa% ~lokelihood fouckion &Cuf-w) os done, for
e 198 case , with A (¥ Hr) ve veplacoing A(E) | amd use ML estivmation o £it

;"7\1,2. vaode! :

Yi v Berasullt ( x(giL%GC)At>

: w A (6l He) =g(b,.Hlef)

ﬂe 1Mloor{—um{-+bwuq here, ie that A vt d&bem( on }L{; Ove way +o0 sa&os.,fq Puis ig

4o wolce: YbﬂA'\)n, = Dne com consider, for tnstomce :

N2 L

%Q(X(H'H_rﬂ at+ 0 pA

x & ({: (Fe) At bokbE]

%(%,Ht) is a fuaction of the o\osen/w\wns otarned upbo Hime t

(x uclmiml)

Relocences:

e
{

| Texrbook: ch. 19

chodd (Bxample des)




