LECTURE ¥

An_importaut aspect of the vwaolwm% procese consists in_ideutifying the

most ajiroprioke variakles and. k.vwwudge. to be used. i e, we musk ask!

- whakt do we model ¢

- whab do we know bhab can help writing equations ?

I-P +he -COOAS LS on mmsses a(‘t‘.urrmg Wlﬂmw Qo Qw (6 ﬁ kioche vuseeal

reactions ) o acrose ‘Hw, celd memhmm (e 3 , transport oc ackion ]po{'uécmk)

ooy

we Saw Hhak the mmn% mackum-r;; vineludes ¢

VARIABLE S ¢ KNQWLEDGE
¢ concentration of * Law of Mase Action
suleckrates or ions * Fick's Law
+ %g,m% Yaciableg * Nernst's Equili briva
» alectric potewkials « Ohw's Law
p Llux dens z@q

:

e wove wow the fous onto aggreqabes of covatless cells thak absolve

together one or more cowplex fonchon =% We need to define new

vorcakles awd Yo idm%ﬂ\_c;; o, daffevevt ceb of laws and k;;mwlc&c‘}q,

We wilk consider heve the case of the ClROULATORY systaM , which is

the er%gm_ﬁj)_shm that !:e.rnu:{—s kloed to eicenlate {,k;rou%fn Lhe \aoaly

aud teo tramsport su betances (e. 9, rwveents , Og hocrones, ete. ) o aund.

Leomthe celds

Tn pacticular, we will focus on a few aspects of the elrculokion of the

blood. . & wiodel for threse ashecke cam help axplain phystological condutions:



& ?iow O-l’- -\—M, bbood iw 'bl'\& ‘)’ﬁ-ssm

Blood pressoce @ it is the force per umt area exeded ey the blaod

on the walls of the blood vessels

s N

Tk voxres tw fime | It canges bebweew :
aud ghace (c.e. the e PanZdiackolie bressvee.
Lacther from the heort (the lowest value doclus
+he Mw&r) VeutedCulal m&axedi@nj

o o "’ﬁmx«- systolie pressure
Bwin = &0 mmH% Fan

Pmm_)(g 120 H& veubriewlar centrackion )

Let us concider a genewe vessel ag (n -ﬁc%u,m,.:

M‘:} [\i 3 We would Wl to debermine The OE“MJW%{

$
Ny
\ I ié’i / of bloed @ that £lows -Hmrw%k +he eross-

‘ Y seckeon S bor it Hme (Le.}.(-\wx bacough

8)

A@umh{-{ons:

- ple m.%\,w{- the effects of %mviij (i\e»} we, assome, that %mvi}‘v_j has :

 the sane affect ey where awoh%-Hu, (‘Afrm\m*or}l syﬂw)

- The vadius of *he vescel awd the chale of the vessel awe fixed

( tf‘ei;,‘bke. waile of the vescel axe gl d, )

= The blood. is o viSwous incompreseible fluid thak flows slowly awd creadsly




Under these assumpbions,the veloo&qu of the blood, in any 7\::va\):‘ of the

vesgel cam be defeved b;; e mtortt) e, we con deflng a vecbor Lield w(®)

:

4

The mobion of o viscous incomprescible flud bhough o rlgid vessel is descrbed, |

by the Nowper - Stokes equakions, U e, ok oy tolnk £ i the veccel we hawe !

/9_5 + (V) Iff\ = - Vf -rIMV"Zt (3% 5k )

/

' A A A
p= dzmgim of the bloed NEuxl + Uy ) + Uy K

{
j&" ws«ws&q of the blosd,

u,-V)'& /u, 9‘“" ty 2ty , W2 BM\ -Tb's a 3%4 vecror

\ '”Bj d&/

2 2, 2z ul ,
vz e [P By BT n

\ 9zt Oy% 7 92* /

A0 A@ a@’\-r-
4% = / = ) [z— = \ - Geadeent of the Vlood pressore Q qt_]posc-bcon P

Conceptually , thus ceb of equations work as ¥he reaction - dilfusion +quakions de
§ = - ¢

for he baseive Tranelort of molecwles acress tne el wmembrane, ., i provides |

o ?o«)wﬁ-w(‘éc_\ tngbaubancouws relakion Qbu‘,\la bLetween the blood %:wssone, %mplxw)c oM,
the veloeity of the bleod,

A colution cowm e debernuned ok &ead:qj - skate. :

" |
as = .;:’;“l:o = #(G’-v)&'wu A ='pv‘§2




Moreover, in case. of blosd {lowing cheadily , we have (R-7)uo

__|Hence , equabitans (#4) can be siuplefoed as:

——— — \ G) =/y[\72 ;

To colve Huws eauation lek us make come considecakions:
13

- We axe iwberested, tn, o, sdmkion ¥ We look ffer a cowkion that hoe

| dhak explains how blood, flows =7 only aw axiok component ,iie.
Ehrough Hhe vessh clowly owd, d=uav
s’tuuh}ﬁ '

—The fhuid 1s incompresside = %‘L{' z= 0 (3(-*3(‘)
' X

Nove thak (exs) does wot mean thabt ux =const within the vessel.Tt simply

crabee that two \‘aofw{‘s on the sowme. lnn%ﬂ‘u,o‘.ivlaj, axis howe the some rdpoCl-:lL

(c\e? o+ is a lawenar Llow)

Horeover wote Lhee:

Two boiwbs, with vadial distance. ri and ry

R fi‘% &‘A from the axic bub same abcoissa, %o, may

&J L] howe diffecent velocikies wlide tuo bolnbe
W Lt with nbsuesa, #o awd 2y bub siwiloe tadial

desbance hoave the savme \{ekoo:hé.

ﬂ 4

Tt is afpropriate o express Wy in cylindrical coordinate (r,ﬁ', x)

Liwre s & coocdonake W vadial diceckion 9 £ angulow coordenake

2 & coordinake. in longitudinal, diveckion (s abways xero here)




Tn oy kwdrical coocdinates:

v€ = AV = .°_L§=M4__£\;{réi"\
7 Ix 7 rar| ar ]

For sake. of QCM\DRG{:‘}Y, let ug wete: uduxe - vdoC«iLj tnthe - direckion .

Algo  because the Llow islanuwnor ond, clow b is reasonakle ko expeck that

§ e Lndelondewd of ¢ owd, vorves Wneacly wibh the bongitndinal, distance

= Tt prtk be fi_(i: ongt

olx

Hawoe , We Cam wale:

Mii/réﬂ-\=ii]é§rqt—':> ré_('}—:fég
v /f ar 2m dz

B} | B
e 1 ne

devivakive
opexakper

T 'oeaﬁ.m)pm% L.;, l;ax-bs Jfrom the wolks of e vessed, ((radius: n,) Lo the %mexic

position P (rWus:réro)Mana‘w%'\‘hak w(r)=0 (i e, the wells are

rx‘%co\.) we howe ;
() = A dE (2o )

g dx ’

Hewee the Llax ‘hhmu%k Lhe seckion S wilk boe

a‘-’ Jrr;.‘mc'k‘r)dx =

o

(i

_ 1 d@ (tgdr % f(:ozra\r

T apdx| 7
-
:Ir_é_g_) F—"—*‘o‘-f‘og‘- ('09‘ =,_L—r°+ Ae

I da [




Forwala, (#) indicakee that tae rodins of the vessel, is very {n poCtant

o defermine the blood, flow . Aleo, from (3#) we can detecnune;

. | :
Avwaﬁe,bboco!,wd,aoclrj Vé_@v_:_%ﬁ_@_=_§j 8,:0
A4 - = e -
over the cross-seckion £ : é‘i" M 2 STM
area of S,
j-‘j- is A)':-IDKQZA e

flows ogngost‘%e.'bo—(;m dacection of the bressvre. %mACewb f=—‘> that's wh{,
ee blood, ean leawe Hue heart owd fbwbo-the beciery )

Aleo ,f — foc cake of m‘w.}‘icﬁj - the cimlwbnn} oystevn. is macdle
of N vessehs, each uibh cross -seckion area, A=T 07, thew the total

Ly -l:hmu%h the S;I.S‘\-&W\ 12
Qup = N. [T re*d@) _ N[

£+
SiEs
fo

(e xde )\ |
tatald cyoss- seckaon,

‘ afea. -(:O'(‘HW s\/s’rm

V= Qeor = Qe AC A U remains the come -

Atok N Ao o é}ﬂfu

Tn & more, realdebic scemaxce , e do wot lhowe N {deutical. vecsels . Nonethelece E

the £l Qior must be constont every where (obherwise ,there woutol be Sl‘ﬂ%nakion)

= ‘ig AoAi = const = '-‘_‘_@ and Aokiot have OH:OSCJ«-& A}nwvm;c,s

da dx

Also, tn the u‘rm\a):orJq systewm, | a decrease tn vessed diaweter e asgoteoked to

awn tncrease tw total oross-Seckion awrea, ( N S Cnerease nthe wocnlsor

N of vessv\s) => Tp the waoy e \I@Looi-l-j v_com be kept Smalls xven in

the, cop Uoxtes




A more vefined. model of the vessehs

e, debeeenined. the blood £low ta o vessel by solvcn&.'bkc, e,qluab‘ovu
du — d€ |

dv dl 2/A

wikh ‘owno\ax} conditiony W ((‘o) =0

Thert e o wumber of reasons why thes moded, Ve a coarse @pmimaﬁon

lof Hhe realily. One ef thege s the astompbion thak the vessed vs riglo
: Y 3

The wialds of o veceed, are thastic = Voluwme of the veccel ool blood,

preseoce axe relaked, Qwiiosv that 'b‘rw.-]'amscum outs Pde the vesgel Ue

wwlocm and, foxed ( @e\' :

ge, ’\.\4/\
MNNe 1 2 G (peswenode 5 V (wlocne) grous
( : ) /} +the vegso?.) grows

« I8 c (vadws) goows => ¥ (volwme ) 4ows

e TL{H (u)an,bickness) arocds =7 V (volime) deceeaseg 77

Thes wws on the tencron in Lhe walk,

tangent IL v %mwg;%%en +he 'kmx%mk

vokakes , Yhen a larger 6;; is

needed 1o balwnce §e = temsion
gmws

RV K »
accection Lemeion \}‘f—)\
e
) /’T -~ | tafer 14
¥y

ﬁ\




This relationship ie coptuced by the bajlace's Law!

—

+ = Afr

M

T £ bension tn the walk

A8 2 branswunrad, pressure. (c.o.." A@f—l@e’@él)

Note: the | aplace's Law brovides a @uawca}}‘[g:” axblanation of the oflecs of

o ileated, Oa;f‘dflovaa ?w‘H\,\,[ z

The heart becomes ¢ increases . T inereades @ ruet inerease.

—7 = R
@reak\ﬂ dustended, %ftod'b %read:}j _\rv: m ;ro balouate

=> A dilaked, heart needs wore aecgy tham o votwak. one to pomp
the same amount of blood |

# %Lo,vuvrak &SSUM?\;\‘W (s that, under pncform g)c‘ ouwd. G’e, - awd. consbauk @e.,r

volume V of Hhe vessel, ane blood pressure ?C e velaked f\')nrou%\r\. a

Avweour rela,’ccowsw‘}f $

p——

V=Vo +C‘Q\§ (‘1)

Vo & volome Lor C:=0 (H’ [F ’\\/:3?0 because-the blecd cells have a.fo‘umb)

o~
[ \L_v° ~ COMPLIANCE oF THE VpssSelL fvéi"’"‘
(\DC t}&:}-}" Length
\\l [1

SomeXimes . by agsoving thot the vessed i a oylivnoder of vowme. V= A-L,
) S )

Wwe Com wrthe !

A= ’A\(’o +C-Q>0.\ (J‘)
a G

cs 2 —oMPLIANCE PER UNIT _OF LENGTH

L



@

Note that the wm!:liav«o& Cica Mm&w thot vores with .yecsel = I%

captuces the deffocences betueen arterces awd velns awd. between dofferent

\‘»orkons of t+he ti(‘w\ajrov} s\rls\-ew&. (3‘3‘,- \t)n%s versug et Hherj)

Furtherwore , (4) needs that @ e oncforan while (2) may ke satogfoed on

cases whew Vo 18 ot vwlocm ( ve b holde for zach Crose- seckional area A

over whoch the bloed lnw.s&um tg ?u)

For_sake of simplccty, let us write C2C . Aleo, Let us recalk e formula we

delined zoxlver Yo calewlate the Llux

Q:-—_A_‘%.‘igi

RW/A. dx

8\; rela acing Ao with A= Ao"'(‘.@ we howe

q._ (orc@) 4@

GT /L UL‘(./

AL s’ceap\j—sl:abe, Q =const (. e the Llux muast be the Some wujwhm) aund, we

Ena pavike s | 0(x)
ee- ( (%o 60 )24
R/A @(o) o6
()
= - 15‘4 ~R’ 346 (’X0+CQ)3§
TG 5
O 6w
‘-% & = —— I (A:f"C@C&’)) - (AO +CQ(°)) ‘l
6’“/’« 3c J

IE e Choose: =L (’Len%ik of the vessel) awd, we cald : ©2 €(0); @4_9?('—)1
Hhewn, e have !




-
A BTt r4+f_e\*1
dmal 3 ¢ |\
8w al .
Let mgcall: RS ﬂ,a’ é:c;—‘l"w“.wecm wake

2
'3

a1 .4 {fa-x_@i:_gf_eé PR RN SRNEY N el |
R 3f 1
. las :*:_L(_\?_o_ﬁd_\L,_u e (G- % >~+_ e @)

BT | ok L N A ol O B
T 4

(2 + ) (S AYEL 7.

” -:‘—(?a—(?q) h—g- e (fo'\'&)v\-.ﬁf ((.’o?“»r@@ 1‘?1?;)1
R | 3 J

When y—0 = 0 — -é— (@ -—?4) N_(__thc m\a:henshpl

When y>70 = Q is om inortasing = A cow phank vessel cam corcy a

fonckion of ¥ given £ @ by using a smaller

{a\’tS.Surt, drop AQ = ?o" ?1 B

,In.ﬁao\' b\/ abbmx»mdjhnq dP o AC L we howe ;

SAPY L

Ao A
* NON- COMPLIANT vEssel: Q= 2— AQ’ =2 A

STI‘/ML K
2
o COMPLIANT . VESSEL : a --i { 4 4 x(@o-l- @)-\-f_ (Q’oz-k@o@rt?f‘)l
| R 1 - ]
| ~— _/
| N
>0

Nole: C¢ = v 1= aP¢ (-Gora\g.wen-(lhx Qj_>“ﬂ:us uHmnswhyﬂm

presSore. drops mueh Le<g
n Vea n s thaw ackerves



Microwrmlation inthe Ca,i_aiuowi es

The bloed, that ulﬂmw\'w‘g araves tnte the smallect vescels Cm./m %Wcs) has +o
(1) release vubroanks awd OL,, (2) rewove cellular waste awd, (2) bransthion tnke Hhe

vewous s;/d-em, o a, Cowkivurous Wy, Thee s a,cwul‘»\xs\/wol, wa, the processes of muero-
civadation aud, Lolbrakion

4= \Jood Llow
axlercal
’\“ vectel, * The blood ic forced to move thraugh
tap laries g’ // b shibine the capillary systen wukil it reaches
( the vetne (Miceocirovsmion)
- ” “ " Venous
o Woveiy o Ac the blesd flows twto the capillarves,
Tiow i Hre xxch,om%e_ of nutrienks, O | aud.
waste brnrlu&s with bhe m,(ﬂ*skhum
5 \/\ occurs *Ehmu%kﬂ/w capillary wallg
Aoom. su, Zoom_in \?\LIKMWN) 7
a/\(;{—orvzér
VA — s fhuds move.
Capillery /(k Bgde cagillary | !'-% nfs bhe fessel
= m_‘,‘ﬁ'oub = Venous
e Spvmeesl vessel

Th, order to odel the flow of blood, in the capllaries, let ue eongtder the following cage!
2

C
Yol

Qi 2 influx of blood. Lo artextal yessels 7 It sk be:

Q@) 00t el of blood. inbo the vencus sessels | Q¢ =@

gt st Y \:\E‘E\E‘:Lﬂ- 3
v

r,.“
ey I Fluode can leave and v -enber the capltary ok
\ - ey position 2. provided. that the et values Qi and,
9 Qe art preserved,. Lok US defone:
Qe

1(1):1. blood flows al poinh % akowg £he, Cafillary

Qo & hydrostatic pregsvre ak boinb 2

We hawe : o e

= pal=x
L

3 whre, P2 coeflidenk of colpt laay resictones,
dz, o\ ¥ 4



The nllwe or 2fflux of £luids ok point X o\le:em;:m a Yaxvation W cg(ac)

lawnd it is u{{:tmcwe,\}; due to £he ‘ﬂ]-ru.dae«wt of brestvere
dq . [(e*_ "

el AN 1'%/

da |
de; 2 total bressure, inside the caiaiu“g (J—’- "f“‘b"> or in the inberctitiom
(J="ext")
ke B co\_i,iua.r;; filtration vaiz

tut
T, order to debermine. Gor aud G:,:Xt . we need ‘o introduce the cowtept of

“osmosis ™ for bhysiolsgical syshems :
7 < L4

inside WE oufside. P9 = pressores
&= : 4: B B 2 Llux of waker through the ookl - -
ms I = resistance o bhe {low of waker
? r@ =9 -1

Ip o golute 1s added o waker with dofferent oncewtration (npide aud outsioe the el

aind I the solube cawnot pass Thiough the porous walk, thew bhe concewtration of waker

taside (1) and owbeide (85) 6 dufferent = Theve will be a flow due to el

aradsent. In partioalar, leb us consoder the cate!

B > P . > Q50,0 woker co Lforced, Yo leave dhe cel (or the, lemw)

P 5,< 8y = There s a Llax ,€0 Howard +he cell (or bt eyslow)

As @ reswt, of +he concenbrutions &y awnd S2 axt Jivem, te. can vary the

presSeure diffecence P4 —F cuch that: Q+Q4=0 .The value Py-F, =7ug -

cuch that Q (re) + Q=0 is called “OsMoTC PRESSURE™




®

Ac o result | (n order 1o howe a nek Llow of waker {ea,m‘n% bhe co® (or £he Syslem)

we wusk have :

cQ=P%-1s-F

Tis 16 4he mindnwim bressove diffecence thak ?mvewts waker from %oi‘n% ‘nfo the }

5\/s¥m.m Llux of waker tnside the s\Tls{vewu due 1o the oomotic presture s s
called, " OSMOCIEY

Note that aw effect of oomogis te Hhe qrowth af Lhe vowme of the cefl (orthe

sys\'evw) = Tt caw be potentially dowgecous and requires m&uim mechan’sme,

Let us ga back o the ortginal, probem, (i.e. cabcllary filtration), We have |
- Plasma (inside the c%eua@) hes osmobic fresgurt Tog (222 m'"“&)

- InterS kil ﬁ'wu,aL has oxmatie 'b\’es.sdm‘m:‘ [2 & mm H?()

~The !‘r:msgu\—e, vnsvde tha QO\.}‘PLVW:/ Vs Gc. (z)

CThe bressore, o twbhe odereiiom Ls 1y bocally walornt awd. Constand o= *Bm}\i) :
k] ~r ‘/ <

[
i#

I

dq e ‘5

— =Foit— . ; TARLIN [

dx L » EQuATION i:

i

By apelying the darivative o both Sides aud fecalling the focowla. for %@f : |
2

. ~kep q(x, Wikh ql(o) =q (L)=Q:

dx* \ |

A possi ble solution 4o tluis oDE is symmebric albout wt=lh and (S %mn \a}:

- ﬁii::? al2) =B cosh/a [x-L, \\
v (v a2)




Trow the boum\axy cowditions:

q‘fL) Ql =5 ‘B = Q,c

Cogh ( E'f/,_)

Feom The Solubion c!(ac); one Cam dekermine. o foconla, for i?c (z):

$( “‘T['L‘*"tc—gc\ = Q)= {@L =Ty +Toe ) o Ao &ﬂ
ohc \ kg dz

= Q () = (?L_EL'FWC)“ a: ¢ 5mk/a/w‘-/ﬁ\\\

cosh (BLs ) ks W=

{ence ,the total dowp (n pressure from =0 o 2=l that is necessa{/q
10 borforme Lolhratvon, ic:

ASe = (lJCo)- ?(L) =2 Qup cinh, / ~QL—:-

\=
kg cosh ( FL/Z) /

:L%@bak/ﬁﬁ‘\
e © V¥

From thes focrnula,, we can also derves a, @ML:MSOR‘{ZOW brevious modeld

of blood Llow. Tn fact, we have:

Q,g=__.A_~<‘DC__._‘_k£_:7 AGe ‘K(‘PL’&?E.\'PL/S,
bgh(égl:) ZF' ) bgk(@'-yz) 252 ¢+ R {Jgk(ﬁ'“/l]
eepkr v
RérL

Foc &40 BL > tQL(Plﬁ\ =7 The equivalent registance of +he \;wky
ca LL&W is Lq_ggc +thaw —bu restsbauce of the Mw\/eakv vessels considered.

belore,




Tin a,uy 5 wote Hlce:
1

3
q () - menimald, ak x=‘:/z \ } cosh ()
v N :
The £low from, Hhe. capillary bo bhe . ©

kersibivm 15 maximal, ak x=l/z

The quankily Qg =
i ep—

Q- 4_1( "/:,) i5 called “ FILTRATION RATE"

Tt Lollows: Q{: = Q- Qe

wsk(o) =) Qs depends on the ot nagher

wsh(@‘—/>

DJ. \/akﬁ L => IL kgt (ie,the vessel xs\.ea,kay) onds pt { whach hapbens

wleen Hee vadius of Hue vessel lSQrMM) Lhew L lbratton s

wnhamced_ (L‘Q\) as ﬂ

* | Coxdioc Out g;u’c

Al the madets we have considered, in thee Lectore u,l’r(maid}' hawe tuwo pieces of

L‘;&fomak.{oh, ot axe Given :

(4) ‘{:L\&, oumoupk O£ U.Dod. .Nowfw% l\ua:o %@l OCrw\,tthor‘y
’ /
system_; (2) the LLood/ bressure a.g the blood Aeaves e head .

We d&\ldol‘- a wodel, .jor (4) :

CARDIAC OUTPUT = Yokal anwvrk of bleod 1 =

—

It is a, funchion of the volume

poniped oy Ehe ventreles j

o Yhe vewbeicle (V) awd. Yoo

pressuce axerbed. vn the vewbrucke

[ >0 1 1 } ~ i Le
U/ oWl 10 CUSSWT CORTTTTIToR

Conaider bhe ¢—V diagrawn over cowseculive  heoxt beake :




Jé‘th-s sko?w
Voh)vwe,(\/ss
N4 j\ . /, ?Maﬂa(‘ ) Heart Schemodie—————
ressure, (Pa,
‘ S %”T\
E tole
{eewo #‘, < {D—j 'b‘«'ﬁ;"‘ﬁagvcﬁg \ /
fre&suw) : @ i .
[1] Vss ‘/ap V tuereetes

Phase (M : The volve ¢ closed, while the veubrele coutracks = V - consbawt

Q increases

?hase@ When § reaches a erikicol value . ,the volve opews = V- decreaces

G)—» (‘ou%k@j consh,

PMS&@I Ab the sud of contrachon ,the valve tloges = V - constauk

(- decreases

Phase B When Q roaches o orkeal value , the vadve betureen, atrom oud

veubricle opens aud blood Llows tn agai. = V- Tnereases

- conctank
T4
M,} €~V loops for = We medel -\'\/ws;b;l ,w)\nsuwam the

{ dieflerent heont \veaks heart os a Sm.%\p. cou{.hw)c Vasse)/,

— whwre twecowpance €k e
— ‘ Vobume ax veek Vo axe Howe - veurying :

v

V)= Yol)+ C )V &)

e s

. B Asdue ke Tk accoueks

Beat- bo. beak i
am‘a.\:bxr Hor prase ©-O

Tw ?k&&&@ : Vo owmd. C . increase over hine ( Mo Cbu&i‘;l&auce,)

Tn ?ko.se@ : Vo owd C decrease sver fime. (nun COMPWM)

T phase D ad D+ CE)F 0




s Waear
N & Vs P r€a\'t“m
i \ Dne o«b\amximwﬁiov\, VSt
9 ”l B‘ ] Veb = me +Cgl Pv
/ L—:—'& ; Ny
¥ enous
3 *ns.mm
5
/-/ B VGS = \/WUCK, + Ce Pg,
prtStuRs

Cd Cs =A=v tw%efru?{'s of the Lneax eqressors (‘HM;{ have Hie duvwenscons OJ-’ Cou&bw)

Heuce for cach loop, the max varakeon in Yolme (wheeh corce chowds to b volunie,
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